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ABSTRACT

This thesis studies non-nearest-neighbor random walks in random environments (RWRE)
on Z and Z¢ that are drawn in an i.i.d. way according to a Dirichlet distribution. We
complete a characterization of recurrence and transience in a given direction for random
walks in Dirichlet environments (RWDE) by proving directional recurrence in the case where
the Dirichlet parameters are balanced and the annealed drift is zero. As a step toward this,
we prove a 0-1 law for directional transience of i.i.d. RWRE on Z? with bounded jumps. Such
a 0-1 law was proven by Zerner and Merkl for nearest-neighbor RWRE in 2001, and Zerner
gave a simpler proof in 2007. We modify the latter argument to allow for bounded jumps. We
then characterize ballisticity, or nonzero limiting velocity, of transient RWDE on Z. It turns
out ballisticity is controlled by two parameters, ko and ;. The parameter kg, which controls
finite traps, is known to characterize ballisticity for nearest-neighbor RWDE on Z¢, d > 3,
where transient walks are ballistic if and only if kg > 1. The parameter x;, which controls
large-scale backtracking, is known to characterize ballisticity for nearest-neighbor RWDE on
Z, where transient walks are ballistic if and only if |x;| > 1. We show that in our model,
transient walks are ballistic if and only if min(kog, |x1|) > 1. Our characterization is thus
a mixture of known characterizations of ballisticity for nearest-neighbor one-dimensional
and higher-dimensional cases. We also prove more detailed theorems that help us better

understand the phenomena affecting ballisticity.



1. INTRODUCTION

This thesis studies non-nearest-neighbor random walks in random environments (RWRE) on
Z and Z¢. We allow jumps of bounded size, and assume transition probability vectors at
various sites are drawn in an i.i.d. way. Most of our results deal random walks in Dirichlet
environments (RWDE), where the transition probability vectors are drawn according to a
Dirichlet distribution. Our main results concern directional recurrence and transience and

limiting velocity.

1.1 Background

RWRE were first treated in depth by F. Solomon [1] in 1975, and the study has since
grown in many directions. Solomon focused on nearest-neighbor RWRE on Z, characterizing
directional transience and calculating limiting speed (under mild conditions) in terms of
simple, easily computable expectations involving the environment at a single site. One of
the main results from Solomon’s paper is that a RWRE can approach infinity almost surely,
but with an almost-sure limiting speed of zero, a surprising phenomenon that cannot occur
for random walks in homogenous or even periodic environments. A random walk is called
directionally transient if it has an almost-sure limiting direction. Under appropriate i.i.d.
assumptions on the environment, all directionally transient nearest-neighbor RWRE on Z4
have an almost-sure limiting velocity v (which can be 0). This is also true of RWRE with
bounded jumps on Z; see Appendix A. We say a directionally transient random walk is
ballistic if the limiting velocity v is nonzero.

RWRE have proven quite challenging to analyze in settings other than the nearest-
neighbor case of Z. For instance, although some sufficient conditions for directional tran-
sience and ballisticity have been studied for nearest-neighbor RWRE on Z? no general
characterizations are known, and known sufficient conditions are often quite difficult or im-
possible to check in general (see, for example, [2]). Nevertheless, certain special cases have
proven to be more tractable. Examples include random environments that almost surely
have zero drift at every site (e.g., [3], [4], [5]), random environments that are small perturba-

tions of simple random walks (e.g., [6], [7], [8], [9], [10]), and environments where transition
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probabilities are deterministic in some directions and random in others (e.g., [11]). The
case of RWDE is another notable example. Many conjectures that remain open for general
nearest-neighbor RWRE on Z¢ have been proven for RWDE, including a characterization of
directional transience for all d and a characterization of ballisticity for d > 3.

Dirichlet environments present a helpful case study for general RWRE, giving insight
into what sorts of behaviors are possible. For example, a noted conjecture (see [12]) asserts
that under an assumption of uniform ellipticity (where transition probabilities are bounded
uniformly from below), nearest-neighbor RWRE on Z%, d > 2, that are directionally tran-
sient are necessarily ballistic. Certain RWDE provide a counterexample for the non—uniform
elliptic case [13], showing that the uniform ellipticity assumption is necessary for this con-
jecture. At the same time, in the Dirichlet case, the factors that can cause ballisticity to fail
are entirely due to the non—uniform ellipticity property, providing some additional evidence
for the conjecture (see [14], [15, Remark 5.13]).

In some sense, the setting of RWRE on Z with bounded jumps—and of RWRE on a strip,
a generalization of the bounded-jump model—can be said to lie between the nearest-neighbor
settings of Z and Z?. Globally, these models are still able to exhibit one-dimensional behavior,
but locally, they behave more like random walks on a general graph. In these settings,
directional transience and ballisticity have been given various characterizations, most in
terms of Lyapunov exponents of infinite products of random matrices (see, for example,
[16],[17],[18],[19], [20]). These exponents cannot in general be computed exactly, although
some of them can be well approximated. Moreover, the characterizations of ballisticity have
relied on various strong ellipticity assumptions, which preclude the Dirichlet model.

Although RWDE have proven to be a fruitful model for nearest-neighbor RWRE on Z¢,
we know of only one paper directly studying RWDE on Z with bounded jumps or on strips.
That paper [21] was the first to treat RWDE in any setting. It uses a connection between
RWDE and directed edge reinforced random walks to provide a characterization of directional
transience for the latter in the mold of [16]. That paper preceded the development of helpful
tools that have since been applied to the analysis of nearest-neighbor RWDE on Z¢.

Since then, some of the results on higher-dimensional RWDE obtained by Sabot, Tournier,

and Bouchet have not used a nearest-neighbor assumption, and therefore apply to all i.i.d.
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RWDE with bounded jumps, including those on Z. For example, it is shown in [22] that for
RWDE where the annealed expectation of the first step is nonzero, the walk is almost-surely
transient in the direction of that expectation. A remark in that paper points out that the
proof does not use a nearest-neighbor assumption, and therefore the result applies to all
RWDE with bounded jumps.

However, significant gaps remain between what is known for nearest-neighbor RWDE and
RWDE with bounded jumps. In two dimensions, even a 0-1 law for directional transience
(which has been proven for all nearest-neighbor RWRE on Z? [23], on all bounded-jump
RWDE on Z¢, d > 3 [14], and on all bounded-jump RWRE on Z [16]) has not been proven
for RWDE with bounded jumps. A comprehensive study of ballisticity of RWDE has only
been done for dimensions 3 and higher [13], so in one dimension with bounded jumps,
nothing about ballisticity, limiting distributions, large deviations, etc. has been shown for
the Dirichlet regime beyond what is known for general RWRE on Z with bounded jumps
(and in fact many of the results proven for RWRE on Z with bounded jumps require some

version of a uniform ellipticity assumption that excludes Dirichlet environments).

1.2 Thesis structure

This thesis fills the aforementioned gaps as regards directional transience and ballisticity.

It therefore has three primary goals:

1. To prove a 0-1 law for directional transience on Z?* with bounded jumps (which we do

for general i.i.d. environments, not just Dirichlet environments);

2. To complete a characterization of directional transience in a given direction for RWDE
with bounded jumps on Z? by demonstrating recurrence in the case where the annealed

expectation of the first step is zero; and
3. To characterize ballisticity for all RWDE on Z in terms of the Dirichlet parameters.

The rest of this chapter formally introduces the model and notation. Chapter 2 states
our main results. Chapter 3 accomplishes the first two of the above goals, and Chapter 4

accomplishes the third. Chapter 4 also provides criteria for ballisticity that apply to all i.i.d.
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RWRE with bounded jumps on Z, not just Dirichlet ones, and proves some additional results
that allow us to better understand the various phenomena affecting ballisticity. Chapter 5
continues this deeper exploration of the phenomena affecting ballisticity by proving some
results about accelerated, continuous-time RWDE;, in the mode of [14]. Chapter 6 gathers
open questions presented throughout the thesis and poses an additional one. This thesis is
based on two papers which the author has submitted for publication and posted to the arxiv.
Most of Chapter 3 is based on [24], and most of Chapter 4 is based on [25]. Chapter 5 is
based on material that was written for inclusion in [25] but was ultimately omitted for the

sake of space.

1.3 Model and notation

We formally describe our model. Because there are many definitions and symbols intro-
duced throughout this paper, and introduced at various points, we provide Appendix C to

help the reader keep track of notation that is introduced here and elsewhere in the paper.

1.3.1 Random walks in random environments

Let V' be a finite or countable set, and let Qy = [T,y M1(V'), where M, (V') is the set of
probability measures on V', endowed with the topology of weak convergence. An environment
on V is an element w € Qy, which can be thought of as a function from V' x V' to [0, 1], with
S yevw(z,y) =1 for all . In the case where V = Z%, for each z € Z* we let w” € M, (Z%)
be the probability measure on Z? given by w?(y) = w(x,z +y). Thus, w = (wW*),eza is the

generic element of {274. For a given environment w and = € V', we can define P to be the

[e.o]

measure on VYo (with the natural sigma field) giving the law of a Markov chain (X,,),

started at x with transition probabilities given by w. That is, P*(X, = x) = 1, and for
n > 17 Y€ V; PZ;C(XnJrl = y|X07 <o 7Xn> = W(Xnay>
Let Fy be the Borel sigma field on €y (with respect to the product topology), and let

P be a probability measure on (€, Fy) (we often leave the Fy implicit and say P is a
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probability measure on Q). For a given z € V, we let P* = P x P be the measure on

Qy x VYo induced by both P and P,. That is, for measurable events A C Qy, B C VMo,
P*(A x B) = / P*(B)P(dw)
A

In particular, P*(Q2y x B) = E[P*(B)]. For convenience, we commit a small abuse of
notation by using P* to refer both to the measure we’ve described on Qy x VN and also
to its marginal P*(Qy x -) on VYo, We call a measure P* on VN0 a quenched measure of
a random walk in random environment on V started at x, and we call the measure P* the
annealed measure. We will usually have V' = Z? for our main results, but certain intermediate
results and arguments require different state spaces.

Most of the results in this paper concern measures P that are products of the measure of
a Dirichlet distribution. However, some results are more general, and for these, we consider

walks that satisfy the following conditions:
(C1) Under P, the transition probability vectors (w®),cz¢ are i.i.d.;
(C2) With P-probability 1, the Markov chain induced by w is irreducible;

(C3) There is an R > 0 such that with P-probability 1, w(z,y) = 0 whenever |z — y| > R.

1.3.2 Random walks in Dirichlet environments

Let H = (V, E,w) be a weighted directed graph with vertex set V, edge set! E CV x V|
and a weight function w : E — R>?. If ¢ = (z,y) € E, we say that e is an edge from z to v,
and we say the head of e is € = y and the tail of e is e = x. We say a set S C V is strongly

connected if for all z,y € S, there is a path from x to y in H using only vertices in S. To the

14We define weighted directed graphs in a way that precludes multiple edges from sharing the same head
and tail. However, we could expand our definition to include weighted directed multigraphs, and natural
generalizations of the results that are true for graphs as we define them would still hold. Describing these
generalizations would cause some notational inconvenience that is unnecessary for our purposes, such as
defining random walks that keep track of edges taken as well as vertices visited. Nevertheless, we use
multigraphs in some illustrations as a visual aid. Multiple edges from one vertex to another in our illustrations
can be interpreted as a single edge whose weight is the sum of the weights of the edges depicted. By the
amalgamation property reviewed in Section 1.4, identifying or splitting these edges that share the same head
and tail does not affect the distributions of transition probability vectors between sites.
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weighted directed graph H, we can associate the Dirichlet measure Py on (2y, Fy ), which
we now describe.

Recall the definition of the Dirichlet distribution: for a finite set I, take parameters
a = (a4)ier, with a; > 0 for all i. The Dirichlet distribution with these parameters is a

probability distribution on the simplex A; := {(x;)ies : >icr i = 1} with density

D ((zi)ier) = Cla) [T,

el

where C'(«) is a normalizing constant. For the density with respect to the uniform measure

on Ay, the normalizing constant is

L(Xier i)
(H1) Mies Tew)

Cla) = T

Define Py to be the measure on €2y under which transition probabilities at the various
vertices x € V are independent, and for each vertex x € V, (w(x,€))c—, is distributed
according to a Dirichlet distribution with parameters (w(e))e—,. With Py-probability 1,
w(z,y) > 0 if and only if (z,y) € E for all z,y € V. We will call a random environment
chosen according to Py a Dirichlet environment on H. We will use E3 to denote the
associated expectation, and P4, and [Ej, to denote the corresponding annealed measure and

expectation.

1.3.3 Owur main model

For the main model of this thesis, let A/ be a finite subset of Z? that spans Z? in the sense
that 322, (M U {0}) = Z9, and let (v, )yen be positive weights. Let G = (Z%, E,w) be the
weighted directed graph with vertex set Z¢, edge set £ := {(z,y) € Z x Z* : y — v € N},
and weight function w with w(z,y) = o,_, for all (z,y) € E. Then Py is the law of a
Dirichlet environment on Z* satisfying (C1), (C2), and (C3), and P{ is the corresponding

annealed measure for a walk started at 0.
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1.3.4 Notation

When discussing RWRE on Z, we will use interval notation to denote sets of consecutive
integers rather than subsets of R. Thus, for example, we will use [1,00) to denote the set of
integers to the right of 0. However, we make one exception, using [0, 1] to denote the set of
all real numbers from 0 to 1.

Let S%°! be the unit sphere in R%. For a direction £ € S9! a € R, o € {<, <, >, >},
and X a (finite or infinite) sequence in Z¢, we define the stopping times

T, =

oa

(X):=inf{n >0: (X, -{)oa}.
Similarly, for a point x € V or a set S C V, define

T, =T,(X):=inf{n >0: X, =z}
and

Ts =Ts(X) :=inf{n >0: X, € S}.

We often suppress the arguments X when the sequence intended is clear from the context.
Likewise, we suppress the ¢ in the directional hitting times when the direction is clear from
context. In particular, when d = 1, we always suppress the ¢ and assume ¢ = 1, so that
X, =X,

Finally, for any stopping time defined as an the first n > 0 such that satisfying a certain
condition, we use the same notation but with a tilde (~) over it to denote the corresponding

positive stopping time: that is, the first n > 0 satisfying the same condition.

1.4 Known results on Dirichlet environments

For a more comprehensive overview of random walks in Dirichlet environments, their
properties, known results, and techniques used to achieve those results, see [15]. Here, we

review specific results that will be useful to us.
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1.4.1 Basic properties

We begin with basic properties of Dirichlet distributions.

Property (Amalgamation). Assume (U;);e; has Dirichlet distribution on A; with param-
eters (a;)ie;. Let Ih,... I, be a partition of I. The random vector (Zie]k Ui)1<k< on
the simplex {(x;)_; : >I_,x; = 1} follows the Dirichlet distribution with parameters

(Zlelk >1<k<r
Property (Restriction). Assume (U;);e; has Dirichlet distribution on Ay with parameters

(a;)ier- Let J be a nonempty subset of /. The random vector <Z Us U_) , which takes
i€l 71/ e
values on the simplex A, follows the Dirichlet distribution with parameters (a;),.; and is

independent of 3-;c; U;. It is also independent of (Uy)yg ;-

By the amalgamation property, the marginal distribution of each coordinate of a Dirichlet
random vector is a beta distribution. The next property bounds the probability that a beta

random variable is small.

Property (Moments). Assume X is a beta random variable with parameters (a,b). Then

there exists constants 0 < ¢ < C' such that for all € € [0, 1],
ce® < P(X <¢e) < Ce (1.1)

In particular, £ { } < o0 if and only if s < a.

The amalgamation and restriction properties are also stated in [15], but the last sentence,
“It is also independent of (Uy)res,” is not contained in the statement there. However, it fol-

lows from the rest of the restriction property. Let I = {1,...,n}, and let J = {1,...,m}.

m+1
Then since (Zm[ﬁl = > follows a Dirichlet distribution, we can apply the restriction prop-
i

J=1 i=1

erty to get

i \"

U
m = Ur 1 Z Zerl R
r=1 N\~
=1 "9/ i=1
from which it follows that
Ui n Ut 192
r=1%"7 1 7j=1 J

17



By a similar argument, we get

Ui m+1 Um+2
e L 1.3
(Z:;ﬁl U) S U; 9

But since both sides of (1.2) are determined by the left side of (1.3), it follows that

( Uz > " Um+1 and Um+2
7T~n:1 U i=1 ’ Z;n:—gl Uj 7 Z;n:_‘f Uj

are all independent. Continuing the argument in the same manner, we see that all of the

following are independent:

Ui " U1 U2 Un—1
m ) m ) m [ n— » Un. (14)
( re1 Ur>¢:1 PRV VI Wianl o =1 Uj

Now (Uk)}—ns1 is a function of the last n—m terms of (1.4) (that is, all terms but the first),

and so it is independent of the first.

1.4.2 Edge reinforcement

Dirichlet environments were first studied for their connection to a stochastic process called
a directed edge reinforced random walk (DERRW), which we now define. For a weighted
directed graph H = (V, E,w), and for an initial vertex o € V, we define the stochastic
processes (X,,)52 and (7(e, 1)) cp,>o as follows: with probability 1, Xo = 2 and r(e,0) =
w(e) for all e. If X,, = = and e; is an edge with e; = z (i.e., the edge is rooted at z),
r(e1,n)

then the walk takes edge e; (so that X, ;1 = €1) with probability 5

o) Each time

an edge is taken, its weight r is increased by 1; otherwise, weights do not change. That is,
r(e,n)+1 if (X, X,11) =€
r(e,n) otherwise

started at zo. The following lemma was first shown in [26] and [21]. It can be shown using

r(e,n+1) = . The process (X,,)22, is the DERRW on H

the fact that asymptotic proportions of colors in a Pélya urn follows a Dirichlet distribution,

together with de Finetti’s theorem.
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Lemma 1.4.1 ([15], Lemma 2). Let V be a set, and let H = (V, E,w) be a weighted directed
graph with vertex set V. Then the law of a DERRW on H started at vertexr x € V is the
annealed law P§, of the RWDE on H.

1.4.3 Time reversal lemma

We now describe an important time-reversal lemma for Dirichlet environments. Let
H = (V, E,w) be a weighted directed graph, and let Py be the associated product Dirichlet
measure on the set €y, of environments on V. For a vertex x € V, the divergence of = in
H is div(z) = Yo, w(e) — X, w(e). If the divergence is zero for all x, we say the graph
‘H has zero divergence. Now if H is a finite, strongly connected graph, then for Py—a.e.
w € Qy, there exists an invariant probability for the Markov chain corresponding to w. Call

this invariant measure 7“. Define the time reversed environment & by

w(w,y) = o )w(y,x)

We can check that & is an environment by noting

. 1
> a(ry) = p

yev

Y myw(y,z) = 1.

yev

Moreover, the probability, under w, of taking any loop is equal to the probability, under @,

of taking the reversed loop. To see this, note that if v,, = vy, then

PP (X1 =01, Xo = Up_g, ..., Xy = 00) = [[ O(vigr, v3)

= nH ) w(vi, Vitr)

i—o T (Vit1)

anl
— % H w /U’L7/U1+1

w
107T (Vig1) i=0

= H w(v;, Vig1)
i=0

:PJJ)O(Xl :’Ul,XQZ’UQ,...,Xn

Up)-
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The following lemma can be proven using Lemma 1.4.1. It was first proven analytically in
[27], and its probabilistic proof was first given in [28]. Let H be the graph made by reversing

all edges of H and keeping the same weights?, and let P}; be the associated measure on Qy .

Lemma 1.4.2 ([15], Lemma 3.1). If the graph H has zero divergence, then the law of & is
Py.

In other words, drawing an environment w according to Py and then time-reversing it is
the same as reversing the edges of ‘H to get # and then drawing an environment according
to Pj;. This lemma implies that the probability, under Py, of taking any loop is equal to
the probability, under Py, of taking the reversed loop. Indeed, for our purposes, the use of

Lemma 1.4.2 comes from the following corollary.

Corollary 1.4.3. Let H be as described above, and let x,y € V' be such that there is an edge
e fromy to x in H. Then, letting T, denote the first positive hitting time of x,

1. The law of P3(X7 _, =y) under Py is the law of P35 (X, = y) = w(z,y) under Py

2. Py(Xg_y =y) =PE(X) = y) = vl

PRTCOK
The formula for the probability as a fraction comes from either Lemma 1.4.1 or the
amalgamation property and the fact that the expectation of a beta random variable with

3 a
parameters (a,b) is ;4.

1.4.4 Moments of quenched Green functions

The next lemma we recall was proven by Tournier [29]. We will refer to it as Tournier’s
lemma. To formally state this lemma, we need some notation. Let H = (V, E,w) be a
weighted directed graph. For a walk X = (X,,)%%, on V with xz € V| N, (X) = #{n € Ny :
X, = x} is the number of times the walk is at site x. We usually write it as N, if we are
able to do so without ambiguity. For a subset S C V, let Ng = >, cq V.. Also, for a set
S CV, define

Bs= Y wle). (1.5)

e€S, e¢sS

2TForrnally, if e = (a,b), then let ¢ = (b,a). Then define w(¢) = w(e) and E = {¢ : e € E}. Now let

~

H = (V,E,0).
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This parameter g is the sum of the weights of all edges exiting the set S.

Lemma 1.4.4 (Tournier’s lemma; see [29], Theorems 1 and 2). Let H = (V U {0}, E, w)
be a finite weighted directed graph with O a unique sink reachable from every other site. We
denote by Py the corresponding Dirichlet distribution on environments.

For every s > 0, the following statements are equivalent:
1. Ey|E*[N,]?] < oc.
2. For every strongly connected subset S of V. with x € S, Bg > s.

In particular, by letting s = 1, we see that Ef,[N,] < oo if and only if for every strongly
connected subset S of V' containing x, g > 1.

The formulation given in Theorem 1 of [29] is in terms of strongly connected sets of
edges rather than vertices, but implies ours. Tournier’s original formulation is as follows:
For a weighted directed graph H = (V, E,w) and a subset A C E, let A = {e : e € A},
A ={e:e € A}, and A = AUA. Say A is strongly connected if any two vertices in A
can communicate using only edges in A (note that this implies A = A = A). Now define

Ba=2ccaw(e)licgay-

Lemma 1.4.5 ([29], Theorem 1). Let H = (VU{0}, E, w) be a finite weighted directed graph
with O a unique sink reachable from every other site. Denote by Py the corresponding Dirichlet

distribution on environments. For every s > 0, the following statements are equivalent:
1. Ey|EX[N,]?] < oc.
2. For every strongly connected subset A of E such that x € A, B4 > s.

Every Bs for a set S of vertices is 54 for the set A of edges between vertices in .S. On
the other hand, for any strongly connected set A of edges, one can take S to be the set of
heads or tails of edges in A and take A’ to be the set of edges between vertices in S (so that
A C A’). Then s = Sa < B4. From this, one can check that Tournier’s formulation implies
ours.

In turn, Tournier’s original version can be deduced from ours by considering a modified

graph ‘H' with “an extra vertex added in the middle of each edge”; that is, if e is an edge
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from x to y in H with weight w(e), then H’ has an extra vertex z., and instead of an edge
from z to y, there is an edge from x to 2z, with weight w(e) and an edge from z. to y with
weight 1 (this weight is arbitrary, as it is the only edge exiting z.). Thus, every strongly
connected set A of edges in H corresponds to a strongly connected set S(A) of vertices in
H', with Bga) = Ba. Moreover, for any x € V, drawing a path on H" according to 5, and

then deleting the extra vertices gives a path on H drawn according to P§,.
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2. MAIN RESULTS

This chapter outlines the main results of the thesis, provides additional background on them,

and gives an idea of the proofs.

2.1 0-1 law

A natural first direction of study for RWRE on Z¢ is characterizing directional transience.
For ¢ € S%1, define
A= {X € (ZH : lim X, -{ = oo}.

n—oo

In 1981, Kalikow [30] asked whether, for i.i.d. RWRE in 2 dimensions, the z-coordinate of
the walker’s position must approach infinity with probability either 0 or 1. He was able to
show that the walk hits the y-axis infinitely often with probability either O or 1. In other
words, if £ is a unit vector in the x direction, Kalikow showed P°(A,UA ;) € {0, 1} and asked
whether it can be shown that P°(A;) € {0,1}. In 2001, Zerner and Merkl [23] answered this
question in the affirmative for nearest-neighbor, i.i.d., elliptic RWRE in 2 dimensions, and
not just for the = direction but for any direction ¢ € S'. They also showed that the i.i.d.
assumption is necessary by providing a non-i.i.d. counterexample where the 0-1 law fails. A
0-1 law for directional transience of nearest-neighbor, i.i.d. RWRE in dimensions d > 3 is
still a major open conjecture. We extend the result of Zerner and Merkl by removing the
nearest-neighbor assumption, showing that for i.i.d. elliptic RWRE with bounded jumps on
72, the 0-1 law holds for all directions £ € S*. Our proof is largely based on that of [31], which
is a simplification of the proof given in [23]. However, the removal of the nearest-neighbor

assumption creates a need for some additional work.

Theorem 2.1.1. Let d = 2, and let assumptions (C1), (C2), and (C3) hold, and let ¢ € S*.
Then P°(Ay) € {0,1}, where A, is the event lim,, o, X,, - { = c0.

Jump to proof.
The idea behind Zerner’s proof in [31] is that if the probability of transience in both
direction ¢ and direction —/ is positive, then with non-vanishing probability, one should be

able to start two walks in the same environment on different sides of a wide strip and have
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both walks cross the strip and exit on the opposite side from where they started (call this
the strip traversal event). If the starting points are chosen correctly, this should lead to the
paths of the walks intersecting at least half the time. But if the paths intersect, it is at a
point that at least one of the walks has traveled a long distance to reach. A walk started on
the right side of a strip (thinking of ¢ as “to the right”) that has traveled a great distance
to the left ought to have reached a point in the environment where there is a very high
probability of being transient to the left. However, on the event in question, there is also
a path started from the left side of the strip that goes through that same point and then
travels all the way to the right side of the strip. Thus, if the two walks both cross the strip
and their paths intersect, then an event of vanishingly small probability must occur. But if
the paths intersect at least half the time the strip traveral event occurs, then the probability
of the strip traversal event must vanish as the strip gets wider and wider. This implies that
the probability of transience in one direction or the other must be zero.

The difficulty in adapting this proof to the case of bounded jumps is that it become possi-
ble for the paths of walks to “cross” (in the sense that the continuous linear interpolations of
their paths cross) without actually sharing a vertex. One can, however, use the boundedness
of jumps to show that in this case, the paths must come within a bounded distance of each
other. Showing that they come within a bounded distance of each other at least half the time
requires dealing with a couple of fringe cases that do not show up under a nearest-neighbor
assumption. But the more significant challenge is to use the proximity of the two paths to
get the same result as in Zerner’s argument. To do this, we use the fact that if one walk
comes close enough to the path of the other, its annealed probability of actually landing on a
vertex of that path is bounded from below. Unlike in Zerner’s argument, we are not able to
get any sort of a bound on the probability that the strip traversal event occurs and the paths
intersect at some vertex. But we are able to compare the probability of the strip traversal
event to the probability that one of the walks crosses a strip and exits on the opposite side,
and that the other walk travels a long distance before intersecting the path of the first walk.
This event has similar properties to the strip traversal event with intersection, and we are

able to show that its probability vanishes.
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2.2 Directional recurrence of balanced RWDE on Z¢

We give an application of our 0-1 law to RWDE. For a given direction ¢ € S9!, the
question of transience and recurrence in direction ¢ is completely understood for nearest-
neighbor RWDE, due to [28], [14], and [22]. Tournier remarks in [22] that many of the results
used in the characterization of transience do not rely on the nearest-neighbor assumption,
so much of what was known in the nearest-neighbor case carries over to the bounded-jumps
case.

However, not everything carries over directly. One crucial step toward characterizing
directional transience is a 0-1 law. As Tournier points out in his aforementioned remark,
the proof of the 0-1 law for RWDE in dimensions d > 3 given in [14] does not require the
nearest-neighbor assumption, but the proof for RWRE in dimension d = 2 in [23] and [31]
does require the nearest-neighbor assumption. Our extension of the 0-1 law for d = 2 to
bounded jumps means that for RWDE with bounded jumps, the 0-1 law is now proven for
all dimensions.

Removing the nearest-neighbor assumption creates one other obstacle to fully character-
izing directional transience in a given direction. When the annealed drift is zero, the proof
of directional recurrence in the nearest-neighbor argument relies on a symmetry that does
not necessarily exist in the bounded-jump case. Additional work is therefore needed to prove
that zero drift implies recurrence in any direction.

The directional recurrence/transience result known for nearest-neighbor RWDE (i.e.
when N is the set of nearest neighbors of 0) states that for a given direction ¢ € S971,
transience and recurrence in direction ¢ under ]P’g are characterized by the relationship be-

tween ¢ and the annealed drift.

Theorem ([15, Theorem 1]). Let PG be the measure of a nearest-neighbor RWDE on Z°.
Let A = E°[Xy] be the annealed drift, and let ¢ € S . Then PY(A,) = 1 if and only if
(- A > 0; otherwise, Pg(As) = 0.

We extend this theorem to RWDE with bounded jumps.
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Theorem 2.2.1. Let Pg be the measure of a RWDE with bounded jumps on Z¢. Let A =
E°[X] be the annealed drift, and let ¢ € S . Then PY(A,) = 1 if and only if £+ A > 0;
otherwise, Pg(As) = 0.

Jump to proof.

Based on Tournier’s remark in [22] (pointing out which arguments used in the proof of
the theorem from [15] do not rely on the nearest-neighbor assumption), Theorem 2.2.1 is
known to be true provided A # 0 and d # 2.

If A #0and d = 2, we know from [22] that £- A > 0 implies Pg(A,) > 0, and from
[12, Theorem 1.8] that £- A = 0 implies Pg(A,) = 0 (the arguments in [12] are given for the
nearest-neighbor case, but can be easily modified to work for environments satisfying (C1),
(C2), and (C3)). From here, our 0-1 law of Theorem 2.1.1 allows us to reach the conclusion
of Theorem 2.2.1.

The only remaining case is where A = 0. In the nearest-neighbor case, A = 0 implies a
symmetry that forces Pg(A,) = PG(A_,) for all directions ¢. The 0-1 laws of [23] for d = 2
and of [14] for d > 3 then yield the conclusion Pg(A,) = 0 for all £. In the bounded-jumps
case, zero drift does not imply symmetry, so even the 0-1 law of Theorem 2.1.1 is not by itself
enough to prove the theorem. Theorem 2.2.1 will be proven if we can prove the following

theorem, which will rely on Theorem 2.1.1 for the case d = 2.

Theorem 2.2.2. Let Pg be the measure of a RWDE with bounded jumps on 74 If A =0,
then Pg(A¢) = 0 for all € € S4*.

Jump to proof.

As is common for the proofs of results in RWDE, our proof involves comparing the
graph G to a sequence of larger and larger finite graphs (Hx ), which look like G except
possibly near boundaries, and applying Corollary 1.4.3. The finite graphs we construct are
similar to those constructed by Tournier in [22] for the characterization of transience in the
nonzero-drift case.

For simplicity, we first prove the result for directions ¢ with rational slopes. Extending
it to all ¢ is not as immediate as one might hope. Indeed, the following conjecture remains

open for general RWRE.
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Conjecture 2.2.3. Let P° be the law of an i.i.d. RWRE on Z%, and let S' be the set of
a unit vectors in R, Then for all £ € S, if PO(A,) > 0, then there exsts a neighborhood
U C S such that P°(Ap) > 0 for all V' € U.

In the nearest-neighbor case of RWDE, Conjecture 2.2.3 is seen to be true from [15,
Theorem 1], and in the bounded-jump case it will follow from Theorem 2.2.1, once it is
proven (again, it only remains to prove Theorem 2.2.2).

The idea behind our proof for rational directions is to define a graph Hy ;, using a large
slab from Z¢ with periodic boundary conditions, and to add a left endpoint O and right
endpoint M. Edges entering and exiting the slab on the left are interpreted as edges to and
from 0, while edges entering and exiting the slab on the right are interpreted as edges to and
from M. We also add special edges between 0 and M. The graph will be described more

formally in the actual proof, but we give a picture of it here, in Figure 2.1.

Possible jumps

W\K

M

\
£ "\\&&&&n
“\&;\\x\&&&k
!‘k‘k‘&k‘!&k
mm
RN

Ae\ i\m

Figure 2.1. Graph Hy . Here N = {(0,1),(1,—1),(-2,0)}, and v = (2, 1).
Boundary conditions in direction perpendicular to v are periodic; vertices la-
beled with the same letters are identified. Arrows to and from the main part
of the graph on the left are understood to originate from or terminate at 0,
and similarly with M on the right side.
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Due to the assumption that A= 0, we are able to make this graph satisfy the zero
divergence criterion provided the edges from 0 to M and M to 0 are given the same weight
W. We choose this W so that a walk started at 0 has a % chance of stepping to M on
its first step. By Corollary 1.4.3, the probability that the first return to 0 is by the special
edge from M is also 3. We assume for a contradiction that Pg(A_,) > 0. By the 0-1 law
of [16] for dimension d = 1, the 0-1 law of [14] for dimension d > 3, or Theorem 2.1.1 for
dimension d = 2, this assumption implies P(A_,) = 1. Using this fact and the fact that the
main part of the graph Hy 1 looks and feels like Z¢ (taking care to ensure that the graph
is large enough in directions perpendicular to ¢ that its periodic boundary conditions are
vanishingly unlikely to be used), we are able to show that the probability of a walk from 0
reaching M by the main part of the graph before returning to 0 vanishes as the size of the
graph increases. Thus, in the limit, the only way the first return to 0 can be by the special
edge from M is if the first step from O takes the special edge to M. However, a positive
probability of transience in direction —¢ also implies that if the first step from 0 takes the
special edge to M, then there is a positive probability, bounded from below, that the walk
returns to d through the main part of the graph rather than taking the special edge. Thus,
on the one hand, in order for the walk to first return to d by the special edge from M, it must
step to M on its first step (which happens with probability %), and then step from M to 0
by the special edge before making its way back down through the main part of the graph
(which happens with probability bounded away from 1). This implies that the probability
that the first return to 0 is by the special edge from M is eventually strictly less than % On
the other hand, we have by Corollary 1.4.3 that it is exactly % This contradiction completes
the proof.

To generalize to directions ¢ with irrational slopes, it is not enough to cite the result for
rational slopes. Rather, we repeat the argument more carefully, this time taking, for each L
a direction v with rational slopes, sufficiently close to ¢ (and approaching ¢ as L increases).
We define graphs Hy 7, in terms of these directions v. We show that appropriate upper and
lower bounds on probabilities of the walk traveling through the main part of the graph from
one endpoint to the other still hold, provided these rational directions v are close enough

to £, and provided the graphs are large enough in directions perpendicular to /. We then
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use the properties of the graphs Hy  and Corollary 1.4.3 to get the same contradiction as

before.

2.3 Ballisticity of RWDE on Z

We now consider the case d = 1. Then N is a finite subset of Z such that the GCD of
all i € Nis 1. Let L = min(N) and R = max(N'). We have «; > 0 for i € . For this one-
dimensional model, also define «; := 0 for any i ¢ N, so that (a;)_; are non-negative real
numbers with «; > 0 if and only if i € N. We have a random walk in a Dirichlet random
environment on Z with jumps to the left up to L steps and to the right up to R steps,
with transition probability vectors given by i.i.d. Dirichlet random vectors with parameters
(a;)ien- Our graph G has vertex set Z, edge set {(z,y) € Z X Z : y — x € N'}, and weight
function (z,y) — ay—,. An example with L = R = 2 is represented in Figure 2.2 (here, and

in other illustrations of graphs, we depict the case where ay = 0, but our model does allow

for ap > 0).
a9 (%) s ) @9 [eD) a2 g
~a a aq a g ai ai [e31 —
LI ) Q [3) @ @ @ 6) @ LI
— a1 Qa1 a1 a1 Qa1 Qa1 a1 —
a_9 a_9 _9 _9 a_9 a_9 _9 a_9

Figure 2.2. A portion of the graph G with L = R = 2.

Our main concern in Chapter 4 is to characterize ballisticity of a transient random walk
in a Dirichlet environment on G started at 0 in terms of the a;. From the irreducibility
assumption, it follows that there is an m large enough that every interval of length m is
strongly connected in G. Let mg be such an integer, chosen large enough that also mg >
max (L, R). We will use this my in several proofs throughout this paper.

For i.i.d. RWRE on Z with bounded jumps, there necessarily exists a deterministic v
with lim,, % = v almost surely (see Appendix A). When the walk is recurrent, v = 0.
We assume the walk is transient to the right, so that v > 0, and characterize the ballistic

regime v > 0.
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Our results on ballisticity comprise a sort of mixture of characterizations for the nearest-
neighbor cases on Z and on Z¢, d > 3. These characterizations are quite different from
each other, as they reflect substantially different ways that a walk may “get stuck.” (The
case d = 2 is still open.) For d > 3, ballisticity has a simple characterization in terms of
a parameter g (called x in [14]). The fact that Dirichlet distributions are not uniformly
elliptic allows environments to contain arbitrarily severe “traps” where a walk can get stuck
for a long time. In fact, if enough parameters of the Dirichlet distribution are sufficiently
small, there are finite subgraphs whose annealed expected exit times are infinite, causing zero
limiting speed. It was shown in [29, Theorem 1] that the parameter g, which represents
the minimal amount of weight exiting a finite set, controls finite moments of the quenched
expected exit times of finite traps containing the origin. In the case d > 3, a directionally
transient walk is ballistic if and only if ko > 1 [15, Theorem 5], reflecting the idea that finite
traps are the only way directional transience with zero speed can occur in the case d > 3.

The nearest-neighbor case d = 1, where probabilities w(z,x + 1) of stepping to the
right are given by beta random variables with parameters (o, «_1), is different. Here,
ko = a1 + a_1, and this parameter still controls finite traps, but it is possible for a walk
to have zero speed even if kg > 1. In fact, ballisticity is controlled by another parameter,
k1 = a1 — a_1, which also characterizes directional transience, and which is the unique
positive number (studied in a more general setting by Kesten, Kozlov, and Spitzer in [32],
and there called k) such that E K%ﬂ’;))m} = 1. In the nearest-neighbor case d = 1, a
walk is transient to the right if and only if x; > 0, and in that case it is ballistic if and only
if k1 > 1. These results come from a direct application of the characterizations of directional
transience and ballisticity given in [1]. Here, as in higher dimensions, ko < 1 is enough to
cause finite trapping that would slow the walk down to zero speed. However, because we
always have k1 < kg, the walk is already not ballistic in this case, and thus the value of k;
alone determines ballisticity.

The parameters kg and k1 can be given definitions that apply to our model as well. The
parameter kg can be defined for RWDE on any weighted directed graph. For a weighted,
directed graph H = (V, E,w) and vertex € V', one may define kg = ko(H, x) as the minimal

total weight of edges exiting a finite, strongly connected set of vertices containing x in H.
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The smaller ko(H,x) is, the greater is the propensity of a walk drawn according to Pj, to
get stuck for a long time in a finite trap containing x [29]. We give a precise definition for
our graph G in Section 4.2.1; see (4.11) (the definition is not vertex-dependent due to the
translation-invariance of G). We do not give an explicit formula for kg, which is defined as an
infimum over an infinite set of sums, but we show that it is in fact a minimum over finitely
many sums, and provide an algorithm to compute it directly.

For xy, let d* = % io; and d= = ;' |iloy. Then s, := d¥ — d~ is the weighted
sum of the weights «;, and its sign is the sign of E}[X;]. In fact, let ¢* and ¢~ be the
unweighted sums ZZRZ1 a; and Zl;lf 1 @, respectively. One can check using Lemma 1.4.1, or
simply using the amalgamation property and expectation of a beta random variable, that
Eog (Xy] = C_Jr';ﬁ Notice that when L = R = 1, k1 reduces to a; — a_; By Theorem 2.2.1,
the walk is Pog—almost surely transient in the direction of x; when it is not 0, and recurrent
when k1 = 0. We will see that the parameter ; plays a key role in characterizing ballisticity
as well.

We show that unlike in the nearest-neighbor case L = R = 1, where we always have
Ko > K1, our model allows the ordered pair (kg, k1) to take on any value in the first quadrant
of R?; see Proposition B.0.2. Both k¢ and x; must be greater than 1 in order to achieve
ballisticity. When kg < 1, the walk has zero speed because of the relatively high likelihood
of getting stuck in a region of bounded size for a long time. When x; < 1, the walk has zero
speed because of the relatively high likelihood of repeatedly backtracking over regions of all
sizes. When both are greater than 1, the walk is ballistic.

The appearance of the dual possibilities of finite trapping and large-scale backtracking
seems to be a new phenomenon in RWRE with bounded jumps. Previous characterizations
of ballisticity use ellipticity assumptions strong enough to preclude finite trapping, and

therefore do not cover cases where walks can get stuck in these two different ways.

2.3.1 General ballistic criteria

While our main results are for RWDE, part of the proof requires obtaining some results

that apply to general RWRE on Z with bounded jumps. Section 4.1 provides two charac-
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terizations of ballisticity under conditions (C1), (C2), and (C3). It was shown in [16] that
under these assumptions, a 0-1 law holds for directional transience. That is, the walk is
either almost surely transient to the right, almost surely transient to the left, or almost
surely recurrent. In the recurrent case, v = 0. We provide two abstract characterizations of

ballisticity under the following additional assumption.
(C4) For P-a.e. environment w, lim, ., X,, = 0o, Pl-a.s.

By symmetry, our characterizations also handle the case where the walk is transient to the
left, and thus by the 0-1 law of [16], completely characterize the regime v # 0 for all measures
P satisfying (C1), (C2), and (C3).

The first characterization strengthens one given by Brémont, who showed (see [33, Theo-
rem 3.7, [18, Proposition 9.1]) that for a walk that is transient to the right, v > 0 if and only
if the annealed expected time to reach [1,00) is finite. Brémont’s works used an ellipticity
assumption that is too strong to apply to our Dirichlet environments. We therefore prove

the lemma without the assumption.

Lemma 2.3.1. Let P be a probability measure on Qg satisfying (C1), (C2), (C8), and (C4).
Then v > 0 if and only if E°[T>1] < oo, where Ty is the first time the walk hits [1,00).

Jump to proof.

This characterization is quite natural, given that in the nearest-neighbor case we in fact
have the identity v = 1/E°[T%,], where the fraction is understood to be 0 if the denominator
is infinite. However, although it is natural, we do not know a way to check it directly in the
(L, R) case, even for Dirichlet environments. We therefore present a new abstract criterion
for ballisticity, showing that the walk is ballistic if and only if the annealed expected number

of returns to the origin is finite.

Lemma 2.3.2. Let P be a probability measure on Qg satisfying (C1), (C2), (C3), and (C4).
Then v > 0 if and only if E°[Ng] = E[E°[Ny]] < oo.

Jump to proof.

To do this, we define a “walk from —oo to 0co” in a typical environment where transience to

the right holds. By an argument using Birkhoft’s Ergodic theorem, the almost-sure limiting
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speed of this bi-infinite walk is the reciprocal of the expected amount of time it spends at
0 under an appropriate annealed measure. Thus, the limiting speed is zero precisely when
this expectation is infinite. We show that this expectation in turn is infinite if and only if
the expected amount of time at 0 for a walk started at O is infinite.

Thus, the question of ballisticity is reduced to the integrability of the “Green function”
E°[Np] under the measure on environments. We devote Section 4.2 to answering this question
in the case of our Dirichlet measure Fg. In fact, we go further and characterize integribility
of E9[Ny]* for any s > 0 in terms of the Dirichlet parameters, and in particular in terms of

ko and K.

2.3.2 Finite traps of RWDE on Z

In nearest-neighbor RWDE, the underlying directed graph has an edge from z to y
precisely when z and y are adjacent. There, it can easily be shown that the worst finite
traps are just pairs of vertices, and so kg has an explicit formula as a minimum of d different
sums of edge weights. By contrast, our model encompasses many underlying directed graphs
(even before assignment of weights). For each underlying directed graph there is a different
formula for ko as a minimum of finitely many sums (as we show in Proposition 4.2.2), but
we do not have a general method to find the formula given a particular underlying directed
graph. This is because we have no simple general way to know what the worst finite traps
look like. However, we find the formula in several examples in Appendix B, and show in
Proposition 4.2.1 that kg can be calculated directly from L, R, and the specific values of the
«;, even without a general formula in terms of the ;.

This parameter rg plays an important role in the integrability of E%[Ny]. For aset S C Z,
and for x € S, define N to be the amount of time a walk spends at z before leaving S
for the first time (we always have N < N,). We define kg as an infimum of sums of edge
weights. This infimum is over an infinite set, but once we can show that it is actually a

minimum, the following theorem follows almost immediately from [29, Theorem 1].
Theorem 2.3.3. For s > 0, the following are equivalent:
(a) Ko < s.
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(b) For all sufficiently large M, Eg [Eg [NéfM’O]r} = 0.
(¢) For some M >0, Eg {Eg [Né_M’MqS} = 00.

Jump to proof.

Letting s = 1, the implication (a)=-(b) or (a)=>(c) shows that if ko < 1, then Eg[N,] = oo,
which by Lemma 2.3.2 implies v = 0. We include condition (b) because the implication
(a)=-(b) allows one to arrive at the same conclusion using Lemma 2.3.1 (by showing that

ko < 1 implies E}[T51] = 00).

2.3.3 Large-scale backtracking of RWDE on Z

While kg controls the moments of the quenched expected amount of time the walk spends
at 0 before exiting a finite region of the graph, the parameter x; = d* — d~ controls, in
the same way, the moments of the quenched expected number of times the walk traverses
arbitrarily large regions of the graph. For z < y € Z, we define the following functions of a

walk X:

¢« N, y(X) = #{n eNg: X, =z,sup{j <n: X, =y} >sup{j <n:X, = :1:}} is the
number of times the walk hits = after more recently having hit y, or the number of

“trips from y to z”.

e N, ,(X):= #{n eNg: X, <z,sup{j <n:X;>y}>sup{j<n:X; < x}} is the

number of trips leftward across [z, y].

Again, we write these as N,, and N, if we can do so without ambiguity. Note that

N, > N,,, and also Ng’w > N,,. We prove the following theorem.

7y7

Theorem 2.3.4. Let k1 > 0, so that the walk is transient to the right. Then, if s > 0, the

following are equivalent:
(a) K1 > s.

(b) There is an M > 0 such that for all v,y € Z withy —x > M, Eg [Eg[Ng’c7y]s} < 00.
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(c) There exist v <y € Z such that Eg[E°[N,,]*] < co.

Jump to proof.

The proof of Theorem 2.3.4 is long and naturally divides into two parts, so we prove the
parts separately as Proposition 4.2.4 and Proposition 4.2.5. Letting s = 1, the contrapositive
of the implication (c)=-(a) tells us that if x; < 1, then E[Ny] = oo, which by Lemma 2.3.2
implies v = 0.

We informally describe some of the ideas behind the proof of Theorem 2.3.4 here, assum-
ing for the sake of simplicity that we are interested in the case s = 1. To understand the
relevance of k; in determining ballisticity, we can look at the graph G, a modified version
of the graph G, which is half-infinite and has zero divergence. We define the graph formally
in Section 4.2.2; but we show it now in Figure 2.3. A lemma from [22] states that under
Py, , the quantity PS(TD = 00) is distributed as a beta random variable with first parameter

k, and thus its reciprocal has finite moments up to (but not including) ;.

a2 a2 g g a2 a2 g a2 a2
ai aq a1 a1 il a1 a1 a1 —
O o Oy SO, 0L o Ce [ el [ e [ Jel [ Tel .-

a3 a3 a—2 [ a3 a3 a—3 a—2 a3

Figure 2.3. Graph G,.

If k1 <1, then in the modified graph, one expects an infinite number of returns to 0. We
use this fact to prove that in the original graph G, one expects an infinite number of returns
from [1, R] to (—o0,0]. To do this, we couple transition probabilities in the original graph

with corresponding transition probabilities in the modified graph. See Figure 2.4.

(o) (o) (%) ) a2 a2 a2 a2 a2
a1 a al al i ay i ai —
@, a—q @ a_y @, a_y ® a_1 @ a1 ®, a1 O a_q @ a v\. b
= a_o a_o a_p a_p a_p a_p a2 a_o
az az as « o as a o
~a al aq al a1 ai aq al =
o o 3 Q ) ©) @ @ 6) @ o o
- a1 Q. Qg a_q a_] a_ a_q —
a_9 Q_9 Q_9 Q_9 Q_9 Q_9 a_9 a_9

Figure 2.4. A coupling between transition probabilities in G and G, .
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The coupling is tricky, since the transition probabilities in the two graphs have different
dependence relationships, and are also not distributed in the same way. However, the tran-
sition probabilities are all mixtures of independent beta random variables. By looking at the
first parameters of these beta random variables, we are thus able to define “coupling event”
of positive probability, on which the beta random variables used for G are all smaller than
the corresponding ones used for G,. This coupling event is independent of the transition
probabilities in the graph G,. Due to the differences in dependence relationships, the cou-
pling event does not automatically give us transition probabilities in G that are all smaller
than the corresponding ones in G,. However, a certain random ordering of head vertices
in the coupling (according to probability of not backtracking to 0) allows us to get around
the dependence problems. We are ultimately able to show that on the coupling event, the
maximum probability in the original graph G, starting at 0 or any site to its left, of stepping
to the right and never returning, is bounded above by a multiple of the corresponding prob-
ability in the modified graph G,. Since the coupling event has positive probability and is
independent of probabilities in G, the fact that one expects an infinite number of returns to
0 in G, then implies that one also expects an infinite number of returns to [1 — L, 0] in G. A
somewhat more careful analysis gives an infinite expected number of returns to 0 as well as
an infinite expected number of traversals of [—M, 0] for any M > 0. Since this expectation
is infinite regardless of where the walk starts, translation invariance gives us the theorem for
the case k1 < 1.

The case where k7 > 1 turns out not to be necessary for our characterization of ballisticity.
However, it gives us a better understanding of the way in which the parameter x; affects
large-scale backtracking. To handle that case, we again use a coupling-type argument. The
vertex in [1, R] with the best quenched probability of never backtracking to 0 has the same
distribution in G and G, , as does the non-backtracking probability at this vertex. Thanks to
the lemma from [22] about G, we are able to get good control of moments of the reciprocal
of this probability. We then choose M large enough that a walk started to the right of M is
highly likely to hit a vertex with a non-backtracking probability as good as that of the best
vertex in [1, R] before backtracking to 0. An application of Holder’s inequality gives us the

result we need.
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2.3.4 Full ballisticity characterization for RWDE on Z

Combining the theorems stated so far, we can see that if kg < 1, then the walk is not
ballistic due to finite trapping, and that if k; < 1, then the walk is not ballistic due to
large-scale backtracking. We would like to show that if both parameters are greater than 1,
then the walk is ballistic. For every environment w on Z and every M > 0, we have

(2.1)

E°[Ny] = E° [N(g—M,M]} E° [# {Tlmes exiting [—M, M]H .

and then returning to 0
The first expectation on the right relates to finite trapping, and the second to large-scale back-

tracking. By Theorem 2.3.3, the term E° {N([)_M’M]} has finite moments up to x¢ under Fg for

M sufficiently large. And the number of times exiting [—M, M| and returning to 0 is between
Times exiting [—M, M] H has

and then returning to 0

finite moments up to 1 by Theorem 2.3.4. If the two terms on the right side of (2.1) were in-

N_nr—10+Nopssr and Ny ) 0+ Nj a4, s0 the term E) {# {

dependent under Py, we could conclude that Eg[E°[Ny|*] < oo if and only if s < min(kg, #1).
However, they are not independent. We therefore ask whether it is possible that the phe-
nomena of finite trapping and large-scale backtracking may conspire together to prevent
ballisticity, even if neither is strong enough to do it on its own. This question is of interest

for general RWRE on Z with bounded jumps.

Question 2.3.1. Let P be a probability measure on Qg satisfying (C1), (C2), (C3), and

(C4), under which both terms on the right of (2.1) have finite expectation for all M ; that is,

o [ rrl=M,M] 0 Times exiting [—M, M|
E {Ew {NU ” < oo and B [E‘*’ {# {and then returning to 0

ily follow that E°[Ny| = E[E°[Ny]] < oo (and thus that the walk is ballistic)?

}” < 00. Does it necessar-

We are able to answer this question in the affirmative for our Dirichlet model. In fact,

we characterize the finiteness of all moments of E°[Ny] under Pg.
Theorem 2.3.5. Assume r1 > 0. Then Eg [(Eg[NO])S] < 00 if and only if s < min(kg, K1).

Jump to proof.
Using a symmetry argument for the case x; < 0 and combining this result with Lemma

2.3.2, we get a complete characterization of ballisticity.
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Theorem 2.3.6. The walk is ballistic if and only if min(ko, |k1]) > 1.

Jump to proof.

We describe our proof Theorem 2.3.5 informally, focusing on the case where s = 1. We
assume transience to the right. Due to Theorems 2.3.3 and 2.3.4, we need only address
the case min(kg, x1) > 1. As in the proof of Theorem 2.3.4 when k; > 1, we focus on the
“best site” in a set of R consecutive sites—the site in the set that has the highest quenched
probability of not backtracking to the left of that set. Here, we compare such a “best site”
in [1, R] in G, with “best sites” in strips of length R that lie just to the right of strips of
length m in G, where m is an integer large enough that all vertices in [1,m] communicate
within [1,m]. We take M to be a large multiple of m, containing many strips of length m.
Then the “best strip” is the one in which all sites can most easily reach all sites just to the

right of the strip. We depict the comparison in Figure 2.5

a2 a2 Q2 [£%) a2 a2 a2 a2 a2

Figure 2.5. The comparison between best sites in G, and G.

We now give a simplified, informal version of the comparisons used in the argument.
We will give the argument in full detail later on. We note that for any environment w, the

number of visits to 0 is a geometric random variable under P°. Thus,

1
0 —
E°[N| = iyt
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From this, we get

1 1 1

po <Reach best strip> " b, strip <Exit strip) * pposite (Never backtrack)
“ \on 1st excursion ¢ at best site

EQ[No) <

ﬂstrip is best

i PO (Reach str.lp on) . pb- strip (EXlt St1T1p> . Pb. site (Never backtrack)
1st excursion at best site

1 1
. strip <Exit strip> s PO <Reach strip on> - b site (Never backtrack)'
at best site “ \1st excursion v

We want to apply Holder’s inequality to show that the left hand side has finite expectation
under P. We can show that P°(Reach strip on 1st excursion)™" has finite moments up to
min(ko, d;) > min(kg, k1). And P> si*(Never backtrack)~! has finite moments up to x; by
comparison with the modified graph. The two terms in the denominator of the sum are
independent and the sum has finitely many terms, so the sum has finite moments up to
min(kg, k1) > 1. By choosing M large enough that there are many strips of size m, and
the fraction in front of the sum has sufficiently high finite moments, we are able to apply

Holder’s inequality and get the result.

2.4 Acceleration

The purpose of Chapter 5 is to set up a mechanism for comparing our results on ballisticity
with those known for RWDE in higher dimensions. The concept of finite trapping—that is,
the existence of finite regions in which a walk is expected to spend an infinite amount of
time before exiting for the first time—is not tied to any particular dimension. Large-scale
backtracking, on the other hand, is a very one-dimensional concept. Nevertheless, the idea
that, a priori, there could be global factors that cause a directionally transient walk to have
zero speed regardless of finite trapping effects seems intuitively intelligible in all dimensions,
and it would be desirable to formulate in a precise way the question of whether such large-

scale slowing exists.
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We give one such formulation here, and prove an answer to the question for our model in
Section 6. Our formulation is inspired by a remark by Sabot and Tournier in [15] regarding
one of the implications of the method Bouchet used in [14]. In the process of characterizing
directional transience for the case d > 3, Bouchet showed that in the zero-speed case ko < 1,
accelerating the walk through finite traps yields a continuous-time walk that is ballistic. To
do this, she considered, for each environment w, a continuous-time random walk on Z? with
exponential waiting times, whose jump rate from z to y is a multiple of w(z,y) that is fixed
for each x and depends only on the environment within a fixed radius of . Because the
jump rates are proportional to w(z,y), the next vertex visited is distributed according to
the measure w(z,-). Thus, Bouchet’s continuous-time walk started at x follows the path
of a walk distributed according to P%. Accelerating the jump rates in proportion to the
strength of finite traps in the quenched environment allows the continuous-time walk to
avoid spending a large amount of time in traps of bounded size while preserving larger-scale
behaviors. Bouchet showed that for nearest-neighbor RWDE in Z¢, d > 3, an appropriate
acceleration scheme could always yield a ballistic walk.

Bouchet’s motivation for introducing this acceleration scheme was not to study ballistic-
ity, but to study transience. The acceleration scheme yields a walk with for which there is
an invariant measure for the environment from the point of view of the particle that is abso-
lutely continuous with respect to the distribution of the initial environment. This yields a 0-1
law for directional transience, which necessarily also applies to the original (unaccelerated)
walk. As a byproduct, however, it implies ballisticity of the accelerated walk, and as Sabot
and Tournier remark [15, Remark 7], Bouchet’s results demonstrate that finite trapping is
in some sense the only obstacle to ballisticity, because accelerating through them causes the
walk to be ballistic.

Motivated by Bouchet’s work and by this remark from [15], we define the term “essential
slowing” to describe a situation where no acceleration scheme like Bouchet’s can yield a
ballistic walk. We show that in our model, essential slowing is equivalent to large-scale
backtracking being significant enough to cause zero speed. Thus, unlike in the higher-
dimensional case Bouchet studied, essential slowing can occur in our model, and in fact can

occur with or without finite traps.
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In order to precisely define essential slowing, we must define a specific class of continuous-
time random walks. Say a Bouchet acceleration function on Z¢ is a measurable function A
from the space 24 of environments on Z? to the space of distributions of positive random
variables, where A(w) only depends on w!="™! for some positive integer M, a condition
which ensures that the acceleration is only based on traps of bounded size.

For any environment w on Z?, and any point = € Z%, let §*w be the shifted environment
defined by 6*w(a,b) = w(x +a,z+b). Now for an environment w on Z¢, a point = € Z4, and
a Bouchet acceleration function A, we can define a continuous-time Markov chain (X;):>o
on Z¢ where X, = x almost surely, and the walk stays at = for a time distributed according
to A(0*w) before jumping to a point chosen according to the transition probabilities given
by w. Whenever the process hits a point a € Z, it remains there for an amount of time
distributed according to A(6%w) and independent of all other information about the history
of the process before jumping to a point chosen according to w. Let PJ 4 be the law of
this process. Thus, the sequence of vertices visited (up to immediate repetitions of the
same vertex, if there are self-loops) has the same distribution under PJ and PJ ,. We let

G.4 be the corresponding annealed law. As in the discrete-time case, there is necessarily a

P 4-almost-sure limiting velocity v(A) > 0, at least when the walk is directionally transient.

Remark 2.4.1. If A =4, (that is, if A(w) is the distribution of a degenerate random variable
that is deterministically 1), then the continuous-time walk (X;);>¢, distributed according to
P74 and observed only at integer times ¢t = 0,1,2.. ., follows precisely the same law as the
walk (X,,)0°, under P?. Thus, our discrete model may be thought of as a special case of
this continuous-time model.

In a sense, the most natural acceleration scheme is one where A(w) is the distribution of
an exponential random variable whose expectation depends on w, which allows the acceler-
ated process to be a continuous time Markov chain. Indeed, these are the functions Bouchet
considered. However, our definition allows for more general distributions in order to incor-
porate the possibility A = §;, which allows proofs to more conveniently cover accelerated

and unaccelerated walks at the same time.

41



An important feature of Bouchet acceleration functions is that because they only depend
on the environment a finite distance from the origin, slowing of the walk can be corrected
by an appropriate Bouchet acceleration function only when it is due to finite traps. Thus,
these functions can test whether factors other than finite traps are by themselves sufficient

to prevent ballisticity.

Definition 2.4.2. A probability measure P on )74 under which the walk is almost surely
transient in some direction is said to have essential slowing if, for any Bouchet acceleration

function A, it is the case that v(A) = 0.

In contrast to the nearest-neighbor case d > 3, nearest-neighbor RWDE on Z do allow for
essential slowing. In fact, we show that in our bounded-jump model, essential slowing occurs

exactly when x; < 1. That is, essential slowing corresponds to large-scale backtracking.
Theorem 2.4.1. Assume k1 # 0. Then Pg has essential slowing if and only if k1| < 1.

Jump to proof.

The proof is a fairly straightforward translation of our previous results and arguments
to the setting of accelerated walks.

We may also contrast our model with the one-dimensional nearest-neighbor model: sup-
pose the transition probabilities w(z, x + 1) are all beta random variables with parameters
(a1, 1), and that ay # a1, so that the walk is transient. Then finite traps occur if and only
if a1 +a_1 <1, but by Theorem 2.4.1, essential slowing occurs if and only if |a; —a_| < 1.
Hence finite traps imply essential slowing. Unlike the nearest-neighbor models of Z¢, both
for d = 1 and for d > 3, our model allows essential slowing and finite traps to each occur
with or without the other. We illustrate this difference in Tables 2.1, 2.2, and 2.3.

A well known conjecture states that for iid, uniformly elliptic RWRE in d > 2, directional
transience implies ballisticity. Sabot and Tournier [15, Remark 7] suggest a related conjecture
for all i.i.d. RWRE in d > 2 (whether uniformly elliptic or not), which our definition of

essential slowing allows us to make explicit.

Conjecture 2.4.2. For irreducible, iid, directionally transient RWRE in d > 2, essential

slowing is impossible. That is, there always exists a Bouchet acceleration function A such

that v(A) # 0.
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Table 2.1. Nearest-neighbor RWDE on 7Z

H Essential Slowing | No Essential Slowing

Finite Traps v X

No Finite Traps v 4

Table 2.2. Nearest-neighbor RWDE on Z¢, d > 3

H Essential Slowing | No Essential Slowing

Finite Traps X v

No Finite Traps X v

Table 2.3. RWDE on Z with bounded jumps

H Essential Slowing | No Essential Slowing

Finite Traps v v

No Finite Traps v v
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Because uniformly elliptic environments have no finite trapping effects at all in the sense
that the quenched expected exit time from any box of bounded size is almost surely bounded,
there is reason to suspect that the above conjecture implies the classic conjecture about
uniformly elliptic RWRE in d > 2. However, for regimes that are not uniformly elliptic
but have finite annealed expected exit times from every box, one could still ask a question
analogous to Question 2.3.1. If every box has finite annealed expected exit time and there

is no essential slowing, can one conclude that the walk is ballistic?

Question 2.4.1. Let P be a probability measure on Qyza satisfying (C1), (C2), and (C3), and

suppose there is an almost-sure limiting direction. Suppose essential slowing does not occur,
. L d
and also that E [Eg l# { Times exiting [—M, M] }

and then returning to 0
follow that the walk is ballistic?

< 0o for all M. Does it necessarily

In one dimension, we suspect that this question is equivalent to Question 2.3.1, and our

results show that it is equivalent for RWDE.
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3. DIRECTIONAL TRANSIENCE AND RECURRENCE

In this chapter, we prove our results about directional transience, first a 0-1 law for RWRE
on Z? with bounded jumps, and then our characterization of directional transience in a given

direction for RWDE on Z? with bounded jumps.

3.1 0-1 Law

First, we extend the 0-1 law of [23] and [31] for RWRE on Z? to the case where bounded

jumps are allowed.

Theorem (Theorem 2.1.1). Let d = 2, and let assumptions (C1), (C2), and (C8) hold, and
let £ € S'. Then P°(Ay) € {0,1}, where Ay is the event lim,, o X,, - £ = o0o.

Proof of Theorem 2.1.1. For y € Z* and a path v = (xg,21,...,2,) (which is a path of
length n, and is a loop if x,, = zy), define y +~ := (y + o,y + 21, ...,y +x,). This is simply
a space shift of the path . For a path v = (xo, z1,...,x,), we will talk about the annealed
probability of v, or the probability that X takes . This simply means

IED:EO(XO = QZ(),Xl = xl,...,Xn = .’L‘n)

Say that v is a possible path if it has positive annealed probability. Note that a loop (xq) of
zero length has annealed probability 1, since P* (X, = x) = 1.

Now by assumption (C2), there is a path of positive annealed probability connecting any
two points. Let M be large enough that for any vertex x in a closed unit disc of radius 2R
centered at 0, there is a path of positive probability from 0 to z with length no more than
M.

By Kalikow’s 0-1 law (see Appendix A), P*(4,U A_;) € {0,1}. Thus, it suffices to show
that P°(A,)PY(A_,) = 0 under the assumption that P°(A, U A_;) = 1. From the proof of
Kalikow’s 0-1 law, one gets that P°(A4,) > 0 if and only if P°(T; = 0o) > 0. Thus, it suffices
to show

PY(T-y = 00)P*(Ts = 0) = 0. (3.1)
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For a,b € R, define the event

o {Tsy < T-o} if b > a;
. {T<y <Ts0} ifb<a

Note that for fixed a,
: b _ — ol - b _ _
blggo G, ={T., = oo}; bEI—I}m G, = {1, = oo}. (3.2)

Let L > 0, and fix a unit vector ¢+ perpendicular to ¢. Choose a sequence z;, € Z? such

that
e I, Z:ZL'KEQL,
« With positive P’-probability, X1.,, = 21, and

e zp- (' is a median of the distribution of X7.,, - - under the measure P°(-|G3"). That

is, PUXrp,, - 05 > zp - H|GEF) < & and PO(Xpy,, -0+ < zp - £H|GEF) < 3.

Due to the allowance of jumps, z;, may not be uniquely defined for each L—for example, if
¢ = (1,0) and a jump of two steps to the right is possible, then (2L, h) and (2L + 1, k) would
both be candidates for z;, for some h—but one may, for instance, always take the candidate
with the smallest ¢ component. Now consider two independent random walks X! = (X}),
and X? = (X?),, moving in the same environment, with the first walk starting at 0 and the
second starting at z7. For w € Q2 and a,b € Z?, let P*" be the product measure P% x P°

on the set (Z*)No x (Z2*)No with typical element (X!, X?). Let P“® be the corresponding

annealed measure.
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We consider the “strip traversal event” G- x G2 ,» which is roughly the event that both
walks cross the strip {0 < z - ¢ < 2L} before leaving it; the walk starting at 0 is in G2%,

while the walk starting at 27, is in G . Zerner shows' in [31] that
P(To = 00)P*(Tsg = o0) = Jim PO (GEF x GY). (3.3)
—00

Now consider the following three subsets of the strip traversal event:

« Oy, the opposite-sides event. This is the event that X' € Gf*, X* € G, F, and
“X%zu B ZL) 'KJ_} [X%SO ’ KJ_} <0.

« Ty, the intersection event. This is the event that X' € G§", X* € G, and for some

0 S m S T22L<Xl), 0 S n S TSQ(Xz), Xrln = XT2L

o Pr, the prozimity event. This is the event that X' € G&F, X? € G;LL , and for some
0 S m S TZQL(X1)7 0 S n S TS()(XZ), |Xn11 - X,,21| S 2R.

Clearly Z; C Pr. We claim
G(Q)L X G;LL:OLUPL:OLUPL UIL. (34)

The events Op, and Py, are each specified to be contained in the event G§* x GY , so their
union is as well. Now assume X' € G§" and X* € GY . We will show that either Oy, or Py,
occurs. Let @ be the continuous linear interpolation of the path taken by X!, and let 72 be
the continuous linear interpolation of the path taken by X2. Let ay be the last point in R?
where 72 crosses the line {z-¢ = 2L}. Let 31 be the first point where 7' crosses {z-¢ = 2L},

2 crosses {z - £ = 0}. Let 2/ be the point on the line

and let By be the first point where 7
{x - =2L} with (21, — 2}) - ¢+ = 0 (thus, 21, = 2} + (v, — 2L)¢). Note g, 81, B2, and 2]

need not be in Z2.

4 Zerner actually shows PY(T-y = c0)P(Tso = o0) < liminfy, o P07 (GEE x GgL), and this is all that
is needed for his argument and ours. However, a brief and straightforward addition to Zerner’s argument
would show that the liminf is actually a limit and that equality holds, so we write it that way for cosmetic
reasons.
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To show that either O or P occurs, we will assume Op, does not occur and prove that

Pr, must occur. If O does not occur, then (X}~ — z7)- ¢+ and X%<O - (+ are either both

Tsor

positive or both negative, or else at least one is 0. If (X1 — z)- ¢+ =0, then Py, occurs,

T>2r
because Xr.,, and zz have the same (' component and both have ¢ component between 2L
and 2L + R. Similarly, if X7_ - ¢+ =0, then P occurs.

Now suppose (X1, — zr) - (+ and X%<O -+ are both nonzero and have the same sign.
Without loss of generality, we may assume both are positive (otherwise, rename the directions
¢+ and —¢+). To show that Pp, occurs, we must show that for some 0 < m < Tso7,(X') and
for some 0 < n < T, | X} — X2| < 2R.

First, suppose that 35-¢+ < 0; this situation is depicted in Figure 3.1. Then X%@_l 4 >0
and X7

<o—1

0+ <0, but X7_ - <0and X7_ -¢* > 0. In one step, the walker that started
at zy crosses the line {z - £ = 0} and the line {z - £+ = 0}. It follows that X7_ _, must be

within a radius R of 0, and the event Py, occurs. Similarly, if (8, — z1) - ¢+ < 0, then X

>or—1

{zr-0=2L}

Figure 3.1. (X}

T>or

—zp) -4+ >0and X7_ - £+ >0, but - £+ <0.

must be within a radius R of z}. Since 2} is within distance R from 2, we conclude that
X1 ,, 1 is within a radius 2R of z7, and the event Pj, occurs.
We may therefore assume 3, - ¢+ and (8, — z7) - £+ are both positive. This situation is

depicted in Figure 3.2. If ay - £+ > 31 - ¢+, then # must cross the line {z - (+ = 3, - (+} at
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{z-l=x}

x-éLzﬁl-EL}

<L

{z-0=2L}

Figure 3.2. Two different ways to have 3, - ¢+, (81 — 27)- ¢+ > 0. The upper
path from z; shows the situation ay - £+ > B3, - ¢+, while the lower path from
21, shows ay - 0+ < By - (+.

some point y between 31 and f; + (x;, —2L)¢. This crossing point is a distance no more than

£ from X? for some 0 < n < T«o(X?). Its distance from j3; is no more than R, and 3 is no

R

& units of distance away from some X!, for some 0 < m < Tso7(X'). Thus, Py

more than

occurs.
Finally, assume oy - £+ < 3, - £+. Then the path taken by 7' from 0 to 3, must intersect

the path taken by 72 from as to 35, since they are paths connecting different pairs of opposite

corners of the quadrilateral (0, B2, 81, @2). The point of intersection is no more than g units

R

2
5 away from X7

of distance away from X! for some 0 < m < TZQL(Xl) and no more than
for some 0 < n < T<p(X?). Thus, Py, occurs. This finishes the justification of (3.4), which

together with (3.3) yields

lim P2 (O, UPL) =P (T = 00)P?(Ts = o). (3.5)

L—oo

We are now interested in the event O\ Pr. Because this event does not involve the walks
intersecting (and thus “sharing” part of the environment), its probability is the same as the

probabilities of an analogous event where the two walks are run independently in different
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environments. And it is therefore bounded above by the probability of a similar event where
two walks are run independently in different environments but are allowed to intersect paths.
To formalize this idea, let G5* be the subset of G3- on which X7 ,, - ¢+ > z;. Let G be

the subset of G9 on which X7, - ¢+ > 0. Define Gi*~ and G~ analogously. And define

II; = {(O = X07X17 - 7XT22L) X e GgL}7
HL;&- = {(O = Xo,Xl, N 7XT22L) X e G%L’+},

HL,— = {(O = Xo, Xl, ce 7XT22L) X € GSL_}.

We will abuse notation by using 7 to denote both a path in one of these sets and the set of

vertices in that path. Then

PO N\T) = 3 PU(X takes mP*H (Y, T < 1)

xyr
7T€HL7+

+ Y PX takes )P (GUF, Ty < Ty)

xr
ﬂ'EHL’_

< Y PYUX takes )P (GY)

WEHL’_'.

+ Z P°(X takes W)IP’ZL(G%LJF)

7TEHL,_
= PY(Gg" P (Ghy) + PU(GE )P (G

< SP(GHPH(E, ).

1
- LGP G
1
l:o 5PO(T<O = OO)]P)O(T>O = OO),

The last inequality comes from the median property of zy, the last equality comes from
translation invariance, and the limit comes from (3.2).

Hence, due to (3.5),

1
5P (To = 00)P(Tog = 00) < lim inf P+ (Py).
—00
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Therefore, to prove (3.1), it suffices to show

: 0,21, o
Lll_{{)lop (PL\Z.)=0. (3.6)
and
: 0,z _

Lh_)n(r)loIF’ L(Zy) =0. (3.7)

First, assume that

1

POSE(PL\ ) > SPY* (P \ Ip), (3.8)

where P;, C Py is the event X' € G§F, X? € GY_, and |X}}, — X?| < 2R for some 0 < m <
TZQL(Xl), 0<n< TS()(Xz) with Xm -/ < L.

Now for a given path 7, define the stopping time

T, = inf {n >0- for some x € w with - ¢ < L, there is a possible} _

path of length M or less from X, to z

n=0

Notice that P, implies that T ; (X?) < T<o(X?) for 7 = (X220 This is because if
| X} — X2| < 2R, then there is a possible path of length no more than M from X? to X .

Therefore,

PO (P \Iy) < Y PP (X' takes m)P%** (TT’BL(XQ) < Teo(X?) < Tr(X2) A Tsy, (X?))

mell

= > P°(X takes m)P* (T, | < T<o < T)

rell
< Y PY(X takes m)P* (T, < 00). (3.9)
rell
The equality comes from independence of sites.

We next define another event for (X!, X?) that involves the walks intersecting, but is
not contained in the strip traversal event. Let the meeting event My be the event that
X! € G2, and X2 intersects with the path (X1)'22* at a point y with y - £ < L + RM.
Note that unlike the event Z;, our event M, does not require that X? complete the event

G?_, nor does it require that the intersection occur at some X?2 with n < T<(X?). However,
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unlike Z;, M, imposes the restriction that the intersection must occur on or near the half
of the strip {0 < x - ¢ < 2L} that is closer to 0.

Suppose X is such that 7, ; < oo for a path 7 € II. Then there is a possible path
v = (yo = XT;VL,yl,yQ,..wyk) with k£ < M, yp € 7, and y; - £ < L. This path does
not include any vertices in the path (Xo, Xi,... ,XT;“L,l), because if such a vertex were
included, there would be a shorter path from that vertex to ¥, violating the infimum part
of the definition of 77 ;. It may include multiple vertices from 7, but taking j = inf{0 <4 <
k:y; € m}, we may consider the path v = (yo = X1, 1,42, - ,y;) that intersects neither
(Xo, X1, .- ,XT;r’L,l) nor m, except at the terminating vertex. Therefore, by independence
of sites,

P ((XT;’L—l-la XT;7L+2> ooy X L+j) =7 ‘ Xo, X1, ... >XT;7L) =P (X takes 1)

Uz

> K, (3.10)

where x > ( is the minimum annealed probability of any possible path of length less than
M. A minimum exists because, up to translation invariance, there are only finitely many
possible paths of a given length, and it is positive because by definition, all possible paths
have positive annealed probability. Now y; is of a distance at most R(k—j) < Rk < RM from
k., and therefore y; - ¢ < L+ RM. If, therefore, X! takes 7 for some 7 € II, TT’F’L(XQ) < 00,

and (X%é,ﬁl’X%é,ﬁ?""’X%L,Lﬂ') = 7/, then (X!, X?) € My. Thus, since (3.10) is true

whenever T ; < oo, we have
P (Tﬂ'ﬂ{x-f<L+RM} < 00 ‘ T7/|-,L < OO) > K.
This gives us

POt (My) > 3 P(X takes m)P* (TS, < oo}
well
(3.9)
> PO (Pp)k
(3.8)

1
> §I-€IP)O’ZL('PL), (3.11)
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We will now show that P%?2 (M) vanishes. Zerner shows in [31] that Z; has vanishing
probability. The argument also works for our event M. We summarize it here, applying
it to M. Fix € > 0, and suppose the intersection occurs at a point y. Either PY(A,) < ¢
or PY(A;) > e. In the former case, a walk from 0 passes through y but still has 75, < To.
Zerner shows in [31] that the probability of this event has limsup bounded above by ¢. In the
latter case, a walk started from z;, travels a great distance in direction —¢ (here, a distance
at least L — RM) and still reaches a point where the probability of A, is at least €. The
chance of traveling such a distance in direction —¢ but still having X2 € A, approaches 0 as

L — oco. On the other hand, if X? € A_,, then PX(A,) must approach 0, being a bounded

L—RM

martingale, and so the probability that it is still above ¢ after ==

units of time (long
enough to travel distance L — RM) approaches 0 as L — oo. One may then take ¢ to 0.
Hence we may conclude that

lim P%*Z (M) = 0.

L—oo
Since (3.11) is true whenever (3.8) is true, we may conclude that

lim P%# (ML)L5.8) holds = 0.

L—oo

By a nearly symmetric argument,?

lim ]P)OVZL (ML):H-(Sa%) does not hold = 0.

L—oo

It follows that limy ., P®*2(Pr) = 0, which is (3.6). To get (3.7), note that the subset
of Z;, where an intersection occurs to the left of the line {x - ¢ = L + RM} is actually
contained in M, and therefore its probability vanishes with that of M. The subset where
an intersection occurs to the right of {z - ¢ = L + RM} vanishes by a nearly symmetric

consideration. OJ

211t is not perfectly symmetric because of the possible difference between z; and 2L, but the logic is
unchanged.
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3.2 Directional transience

Our next goal is to extend [15, Theorem 1] to bounded jumps, proving Theorem 2.2.1,

which we recall here.

Theorem (Theorem 2.2.1). Let Py be the measure of a RWDE with bounded jumps on Z*.
Let A = E°[X;] be the annealed drift, and let £ € S™'. Then PY(A,) = 1 if and only if
(- A >0; otherwise, Pg(As) = 0.

As we've discussed, the first part (regarding nonzero annealed drift) was proven for
general RWDE on Z? with bounded jumps in [22]. However, we outline the argument in
one dimension here, showing that if x; # 0, then the walk is almost surely transient in
the direction of k1. This, combined with our argument for recurrence in the zero-drift case
(which uses a graph similar to the one used in [22]), should give the reader a good idea of
how the directional transience result is proven. We also include the summary in order to
emphasize the reason why k1 plays a role in characterizing ballisticity as well as directional
transience. The finite graphs Gy, used in the transience proof are closely related to a one-
sided infinite “limiting graph” G, used in the ballisticity proofs, and comparisons between
Gy and G, can be used to prove a crucial lemma about G,. Including the argument for
transience now allows this connection to be seen. Finally, we include it because the ideas in
the proof of Claim 3.2.1.1 are used repeatedly in Chapter 4, and this is a natural place to

present the thorough version of the argument for later reference.
Theorem 3.2.1.
If k1 > 0, then lim, o X,, = 00, PY-a.s..

Proof (outline). This follows from [22, Corollary 1], but we outline the proof for the one-

dimensional case. We are to show that lim,,_, % = 00, ]P’gfa.s. The steps are as follows:

(a) Show that P%(T% ), < Txp) is bounded away from 0 as M approaches oo. (This is shown
in [22, Theorem 1]).

(b) Taking limits, conclude that IP’OQ(TSO = 00) > 0, implying the walk is transient to the
right with positive probability.
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(c) Use the 0-1 law [16, Theorem 11] to conclude that if the probability of transience to the

right is positive, it is 1.

We outline the proof of (a) for convenient reference. For M > R + L, we consider a
weighted directed graph Gy, with vertex set [0, M]. Each vertex in [1, M — 1] has the same
edges with the same weights as those on G, except that edges that would terminate at points
less than zero are simply edges to the point 0, and edges that would terminate at points
greater than M are simply edges to the point M. If this would result in multi-edges, each
multi-edge is replaced with a single edge whose weight is the sum of the weights in the multi-
edge; however, we leave the multi-edges in our illustrations in order to show more clearly
where this occurs. Based on the edges and weights we’ve described so far, zero divergence
already holds at points from R+ 1 to M — L — 1, but points to the left of R and to the right
of M — L are “missing” incoming weights from vertices to the left of 0 and to the right of
M, respectively. Therefore, to each vertex 1 < j < R, we add an edge from 0 with weight
Zf;j «; (depicted in Figure 3.3 as a multi-edge) in order to achieve zero divergence at j.
Likewise, to each edge M — L < j < M, we add an edge from M with weight Zf\iﬁ_L QG-
Based on these weights, the site 0 has incoming weight d~ and outgoing weight d*, and the
site M has incoming weight d* and outgoing weight d~. To adjust for this, we add a special
edge from M to 0 with weight dt — d~ = k.

Figure 3.3. The graph Gy,.

Now the graph satisfies the zero-divergence property. This is the graph G,,, pictured in
Figure 3.3. For now, the usefulness of G,; comes from the following claim, which we prove

in its entirety because the ideas in its proof will be referenced several times throughout this

paper.
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Claim 3.2.1.1.
]PE(TZM < TSO) = ]PEM(TM < To), 0<ax< M. (312)

To prove this, consider for each environment w on Z a modified environment w’, where
transition probabilities between sites in [1, M — 1] are the same as in w, but for each i €
(M — R,M — 1], W'(i,M) = > ,5pw(i,j), and for each i € [1,R], w'(i,0) = > ,<ow(i, ]).
Then by construction, a walk drawn according to P? for any x strictly between 0 and M
and stopped when it hits 0 or M follows the same law (except possibly for the terminating
site) as the law of a walk drawn according to P* and stopped when it reaches (—oo,0] or

[M, 00). In particular,
Pﬁ(T2M<T§0>:P‘f/<TM<T0), 0<x< M.

On the other hand, by the amalgamation property of Dirichlet random vectors, we also see
that for every y € [1, M — 1], the law of (w’)* under Py is a Dirichlet distribution, and in

fact is the same as the law of w® under Fg,,. Hence, for each 0 < x < M, we have

P&(Tsn < T<o) = Eg [P (T>nm < T<o)]
= Eg [P, (Tu < Tp)]
= Eg,, [P (Ty < Tp)]

= ]P)EM (TM < T())

This proves the claim.
From Corollary 1.4.3 (2), we can get Pg (Ty < Ty) > 2+, We can use Claim 3.2.1.1 to
show that Py (Ty < Tp) < PE(T>a < T<o). Putting the two together, we get

K
PG (Tonm < T<o) > dTlr
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for all M. By independence of sites, we then have

PG (T < T<o) > Pg(X1 = R)PG(Ton < Txo)
R1

> Pg(Xy = R)dj-

This is the bound we needed. O]

3.3 Directional recurrence

To complete the proof of Theorem 2.2.1, all that remains is to prove the following.

Theorem (Theorem 2.2.2). Let P be the measure of a RWDE with bounded jumps on VA
Let A =0, and let £ € S*'. Then Pg(A,) = 0.

To make our arguments easier to follow, we will first consider directions ¢ with rational
slopes. Let S471 := {Wul RIRWARN {O}} C S9! be the set of vectors in the unit sphere
S9-1 that have all rational slopes; we will prove Theorem 2.2.2 for vectors in this set first.
However, because we cannot rely on the truth of Conjecture 2.2.3, proving Theorem 2.2.2
for all directions ¢ € S9! is not sufficient to prove it for all directions ¢ € S~ even though
S4-1 is dense in S!. For £ € S 1\ S¢71 we must rule out the possibility that a walk
could with positive probability be transient in direction ¢ while recurrent in all directions
not parallel to £.

Once we prove Theorem 2.2.2 for rational slopes, we do not know of a way to directly
generalize to arbitrary directions. The generalization will require going through the same
argument more carefully, choosing directions v € S4~! sufficiently close to ¢ to satisfy certain
properties. However, to make our arguments easier to follow, we first prove the theorem for
directions ¢ € S, and then afterward describe the differences necessary for dealing with
directions £ € S?71\ S4-1. Because we are discussing multiple directions, we must replace our
simplified notation T, for hitting times of half-spaces with the slightly more cumbersome
T!,. In order to facilitate comparisons later, we use this notation even for the simplified

version of the proof that assumes ¢ € S?~! and only discusses one direction.
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Moreover, for ¢ € S% ! we will also need to define the “lateral hitting times”
H.,:=inf{n >0: X, - {* > a for some (* L (}.
We are now ready to prove our Theorem 2.2.2 for directions with rational slopes.

3.3.1 Rational slopes

Theorem 3.3.1. Let IP’% be the measure of a RWDE with bounded jumps on Z%. Let A =0,
and let £ € S='. Then Pg(A,) = 0.

Proof of Theorem 3.3.1. Let £ € ST, Assume for a contradiction that Pg(A_¢) > 0. Then,
as in [30, page 765], we have PY(T%, = oco) > 0, from which it easily follows that o :=
PY(Ty = o0) > 0.

Lemma 4 from [23] is stated for nearest-neighbor RWRE, but its proof can easily be
modified to work for RWRE satisfying our assumptions. It says it is P%-a.s. impossible to
visit a slab of finite width infinitely often without visiting both of its neighboring half-spaces,
and it implies that on the event {Téo = 00}, it is also the case (up to a set of probability
zero) that Té, . < Tﬁo- Since it is always possible, with positive probability, for a walk to
hit the half-space {z - ¢ < —L} and then return to {z - ¢ > 0}, we have PG(T%_, < Téo) > o
for all L > 0. And on the event {T%Z_; < T Lo}, there is necessarily some a such that
TE | < Ty A HE,. Tt therefore follows that for any L > 0, there exists K = K(L) > 0 such
that

PYTE_, < TS0 A H%K) > a. (3.13)

For L > R, let K = K(L) be an increasing function satisfying (3.13) for all L. Let u be
a constant multiple of ¢ such that v € Z¢. Then let (u,us,...,uy) be an orthogonal basis
for R? such that u; € Z4 for all i. Let N be large enough that N|u;| > K for all 4.

We will define a graph Hy 1 in nearly the same way as the Gy, defined by Tournier in

[22]. Consider the cylinder

Onpi={r€Z:0<z- < L}/(NZuy,..., NZug).
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This is the slab Sy == {0 < z - ¢ < L} N Z* where vertices that differ by Nu; for some
i €{2,...,d} are identified. We note that [22] uses L|u| rather than L here. We use L for
reasons related to our plans for generalizing the proof to ¢ ¢ S4-1.

Now define the graph Hy ; with vertex set
VN,L = CN,L U {M} U {8},

where M and 0 are new vertices (in [22], R and 0 are used, but in this paper, R already has

a meaning), and edges of Hy 1, are of the following types:
1. edges induced by those of G inside Cy r;
2. If # € Cn, corresponds to a vertex 2’ € Sy 1, there is

(a) an edge from z to 9 for each y € A such that (2’ +y)- £ <0,
(b) an edge from 9 to x for each y € —N\ such that (2' +y) - £ <0,
(c) an edge from x to M for each y € N such that (' +y)- € > L,

(d) an edge from M to z for each y € —A such that (2’ +y)-¢ > L,
3. A new “special” edge from M to 0 and one from 0 to M.

Weights of all edges but the last two are induced by the corresponding weights in G. Note
that several edges may share the same head and tail. If that is the case, identify such edges
into one edge whose weight is the sum of all of the original weights in order to create a
graph that is not a multigraph and fits our definitions (there is also a way to define RWDE
on a multigraph by keeping track of vertices visited and edges taken, and if we used such a
definition, the identification of multiple edges would not affect the distribution of the vertex
path). By construction, zero divergence holds at all vertices in Cy 1. It remains to describe
the weights of the new edges connecting 9 and M (the paper [22] only defines an edge from
M to 0). The paper [22] shows that the quantity

(Z weights of edges in 2(0)) — (Z weights of edges in 2(a))
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is a multiple of the annealed drift. Thus, because of our assumption the annealed drift is zero,
the two sums are equal. Note that by the shift-invariant structure of the graph G, the sum
on the left is also the weight exiting 0 by edges in 2(b). Similarly, the sum on the right is also
the weight exiting M by edges in 2(d). Hence the total weights of edges in 2(a), 2(b), 2(c),
and 2(d) are all the same. Because weights in 2(a) and 2(b) are the same, zero divergence
holds at 0, and because 2(c) and 2(d) are the same, zero divergence holds at M. In order
to preserve zero divergence, we give both of the special edges the same weight W, which we
take to be the value of each of the two sums above. It follows from well known properties of
Dirichlet random variables that when the walk is started at either of the endpoints, its first
step is along the special edge to the other endpoint with annealed probability % Figure 3.4
shows an example of the graph Hy . (Because Figure 3.4 is also intended to be used for
the argument for Theorem 2.2.2, it uses v rather than /¢ in its labeling. For the purpose of

the current argument, simply take v = £.)

Possible jumps

W\K

M

\
A "\‘&&&&n
“mmmm
!‘k‘k‘&k!k‘k
m\
RN

Ae\ 7;\771,

Figure 3.4. Graph Hy . Here N = {(0,1), (1,-1),(-2,0)}, and v = (2, 1).
Boundary conditions in direction perpendicular to v are periodic; vertices la-
beled with the same letters are identified. Arrows to and from the main part
of the graph on the left are understood to originate from or terminate at 0,
and similarly with M on the right side.
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Define the stopping time 7 = inf{n € Ny : X,, = 0, X,,_; = M}. Note that {Ty = 7} =
{X7,_, = M} is the event that the first return to zero is by the special edge.
We note, by Lemma 1.4.3,

On the other hand, we also have P%N,L(Xl =M) = % Now by considering the possibility
that the first step from 0 is to M (by the special edge) and the possibility that the first step
from 0 is not to M, we get

Pa

HN,L

(Ty =7) <P, (X1 = M)Py  (To =7)+ P}, (X1 # M, Ty <Tp),
which can be rewritten as

< P%N,L(Ta =7)+ P}, (X1 # M, Ty < Ty), (3.14)

HN,L

N | =
N | —

We claim that the term P%N,L(Xl % M, Ty < Ta) approaches 0 as L and K increase.
Let B = B(L, K) be a box of radius £5% around 0, and for z € Cy,r, let 2 + B be the set
of vertices in Cy , that can be written as 4+ y for some y € B. Note that for x € Cy ,
the dot product with ¢ is well defined, since vertices in Sy ;, that are identified to form Cy 1,

have the same dot product with . Then for sufficiently large L,

P), (X1 #MTy <Tp)= Y P},  (Xi=2)P,  (Ta <Ty)
zeCnN. L,
ng-]lyéLR

< Y P (Xi=2)P

HN,L

=Py (Tpe < TE_p) (3.15)

The first equality comes from the strong Markov property and independence of sites. The

first inequality holds as long as L is large enough that M ¢ x + B. To get the second
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inequality, note that a finite path from x that stays in x + B until the last step does not use
the periodic boundary conditions (provided % > R), and so it has the same probability
as a corresponding path in G. And for x € Cy, with - ¢ < R, a walk from = on Hy ;, that
leaves = + B without hitting 0 corresponds to a walk on G (which we may take to start at 0
by translation invariance) that leaves B without traveling = - ¢ or more units (of distance in
R?) in direction —¢. Since z - ¢ < R for all z with IP%N’L (X1 =) > 0, the second inequality
follows. The final equality comes from pulling the second term out of the sum, which is then
equal to 1.

To prove our claim, we must show that (3.15) goes to 0 as L increases (along with K).
Let € > 0. By assumption, Pg(A_;) > 0. By Theorem 2.1.1 for d = 2, or by the 0-1 law of
Bouchet for d > 3 in [14] (where, as Tourner points out in [22], the proof works for bounded
jumps), this means PS(A_,) = 1. Thus, PG(T:_, < oo) = 1. Now take an increasing
sequence (Q,) of finite sets converging to Z¢. Then the event {T%_j < oo} is the limit as r
increases (i.e., the union over all ) of the events {T%_, < Tge}. Let @ = Q(e) be one such

@, large enough that Pg (T < Té, r) < €. Note that although @ depends on ¢, it does not

depend on L. Thus, for large enough L, B contains (), so that
{Tpe <TE_ R} C{Tge < TE g} (3.16)
It follows that, for large enough L,
PY(Tpe < TS g) <PY(Toe < T p) <e.

Since this can be true for arbitrary € > 0, the right side of (3.15) goes to 0, and therefore so
does IP’%N (X1 # M, Ty < Ta).

,L

Next, we will show that ]P’%N _(Ty = 1) is bounded away from 1 as M increases. We have
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]P)%N,L <Ta # T) Z Z P%N@, (Xl = x) %N,L (Ta < Tﬁxf)

CEECNYL,L—RSZ‘[SL

> > P, (X1 = 2)PG(TE | < TS A HSiy)
2€Cy 1, L—R<w<L —?
> Z ]P)%N,L<X1 = I)o
CIZECN’L,L—R§$~£§L
1
= —q.
2

The first inequality comes from the strong Markov property and independence of sites. To

get the second inequality, note that the probability Pf, (75 < T,.) is greater than the

L
probability, starting from z, that a walk on Hy 1, reaches 0 without ever traveling more than

% units in any direction perpendicular to u. Since this event precludes the walk from using

the periodic boundary conditions, (and because weights to 0 in Hx,;, are the same as the
weights from corresponding sites to the set {y : y - u < 0}) its probability is the same as
the probability that a walk in G travels more than x - £ units in direction —u without ever
traveling more than % units in any perpendicular direction. Since x - u < L, the second
inequality follows. The third inequality comes from (3.13), and the equality comes from the
expectation of a beta random variable.

Now taking the limsup in (3.14) as M — oo yields the contradiction

(1 1) -

<

DN | —
DN | —
DO | =

3.3.2 Generalizing to directions in S¢ !\ §4-1

We now describe how to prove Theorem 3.3.1 for directions that do not necessarily have
rational slopes.
The graph constructed in [22] is used to analyze a direction ¢ with rational slopes, and

uses the rationality in a significant way. Rather than attempt to construct and analyze an
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analogous graph for an irrational direction ¢ € S9!, we use a sequence of rational slopes

v € S41 approaching £. The following lemma is simple, but important.

Lemma 3.3.2. Fiz { € S ', h >0, and L' > L > 0. For v close enough to {, any x € R?

with x -0 > L' and x - v < L must necessarily have x - {+ > h for some {+ L /.

Proof. Choose a unit vector v close to ¢ and let ¢/~ € S9! be the unit vector perpendicular
to ¢ such that v = af — /1 —a2(*, where a = v-¢. Thena /~1asv — ¢, and { —v =
(1 —a)l ++/1 — a2+, By writing z - (¢ — v) in different ways, we get

(1—a)r-L+V1—a?x--=x-f—x-0.
From this we get

Vi—a2x - tr=ax-0—x-v
>al — L.

For v sufficiently close to ¢, a is close enough to 1 that this gives us

1
V1— a2z -+ > 5(L’ — L)
and
1
> ——(I' - L).
v T 2v1 —a? ( )
Taking v close to ¢ makes a close to 1, which suffices to prove the lemma. ]

We now proceed with the proof, describing only the parts where it differs from the proof
of Theorem 3.3.1.

Proof of Theorem 2.2.2. The first challenge is to get the same bound as in (3.13), but for
a direction v with rational slopes. We will show that for any L, there is a unit vector
v=1o(L) € S¥! close enough to £ and a K = K(L) large enough that

PY(T2_, < T% A HYip) > o (3.17)
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Fix L > 0, and choose any L’ > L. Let K’ be such that
PY(TE_ < T A H%K,) > a.

(Such a K’ exists by (3.13).) Now on the event {TZ_;, < Tﬁo}, there is necessarily an
open neighborhood around ¢ such that for any v in the neighborhood, Té_ < Tgo‘ This is
because the walk only hits finitely many points before T<_;,, and each such point z (other

than 0) has x - £ < 0, so that for v close enough to ¢, x - v < 0. Hence
lim PO(TE < TS NTY N HE L 1) = Po(TE 1 < TSy NHS L 1)
In particular, for v close enough to ¢,
PO(TE < TS NTY N HE L 1) > (3.18)

Now let v € S4°! have rational slopes, satisfy (3.18), and also be close enough to ¢ that if
r-0>1L and x-v < L, then - {+ > K’ for some ¢+ L ¢ (this is possible by Lemma 3.3.2).
Choose K large enough that any y with y - v+ > % for any v+ L v is necessarily outside the

set

K/
Z;:{_L’—Rgx-fgo,x-vgo,x'ﬁg2f0rall£LJ_€}.

See Figure 3.5. Now on the event {T%_,, < T! A T”0 A HE it is necessarily the case

L
that X,, € Z for 0 < n < T<_L,. Furthermore, if z := X« |, then since z - ¢ < —L' and
=~ <L

20t < K?/ for all ¢+ L /¢, the choice of v implies that z - v < —L. Thus X, € Z for

0<n<7TZ p,and therefore T2 | < Tﬁo AN HZ, .. Hence (using (3.18)),

M

PE(TY | < TY N HYy 1) > PY(TE [ < TSoANTE N HE S 1) >

This is (3.17).
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{z-v=-L}

Figure 3.5. In order for the walk to cross the line {x-¢ = — L’} before leaving
the set Z, it must exit the lighter shaded box through the line {z - v = —L}.

For L > 0, let v = v(L) and K = K(L) be defined as in (3.17), with K increasing in L.
As before, let u be a constant multiple of v such that u € Z4 and let (u,us,...,uy) be an
orthogonal basis for R? such that u; € Z4 for all i, and define N as before as well.

We define the graph Hy 1, as described before, using the rational direction v, rather than

the direction ¢, to define it. Thus,
Cnpi={r€Z*:0<x-v<LY/(NZus,..., NTug),

We note here our reason for using L as the length of the cylinder, rather than L|u| as in
[22]. The choice of v depends on the length of the cylinder, but |u| depends on v, and may

be unbounded as v — ¢.
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As before, arguments based on the graph Hy 1, give us

LT =7)+ P, (X1 # M, Ty <Tp), (3.19)

HN,L

and we must show that the term IP’% v (Xi#E M, Ty < Ta) approaches 0 as L and K increase.

,L

Defining B = B(L, K) as before, our previous arguments give us
P, (X1 # M, Ty < Tp) = PY(Tpe < T2_p) (3.20)

Comparing with (3.15), the only difference is that the right hand side considers the event
{Tpe < TY_g}, rather than {Tg. < TE_g}.

We now must show that (3.20) goes to 0 as L increases (along with N, and with u
approaching ¢). Let ¢ > 0 and choose R' > R. Just as PG(T5_p < oo) = 1, we have
PG(TE _p < o0) = 1. Choose Q = Q(g) so that P (T < TE_p) < e. For large enough L,
as in (3.16), we have

(Tpe <TY g} € {Tge <TY g} (3.21)

Now by Lemma 3.3.2, for v close enough to ¢ (i.e., for large enough L), if z - ¢ < —R’ and
x-v > —R, then z is not in @), so that the event {TéfR, < Tge < T2 g} is impossible, and
therefore

{Toe <TL g}y C{Tge <TL R} (3.22)

It follows from (3.21), (3.22), and the choice of @) that for large enough L,
Py (Tpe <TY p) <PY(Toe < TS ) <e.

Since this can be true for arbitrary epsilon, Pg(Tge < T2 _p) goes to 0, and therefore so does

P, (X1 # M, Ty < Tp).

HN,L
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Next, we will must show that P}/ (T = 7) is bounded away from 1 as M increases.

Using (3.17) in place of (3.13), we are able to argue as before to get

Py, (To #7) >

N | —
L

Now taking the limsup in (3.19) as M — oo yields the contradiction

We now have enough to prove Theorem 2.2.1, which we recall here.

Theorem (Theorem 2.2.1). Let Py be the measure of a RWDE with bounded jumps on Z*.
Let A = E°[Xy] be the annealed drift, and let £ € S™'. Then PY(A,) = 1 if and only if
(- A > 0; otherwise, Pg(As) = 0.

Proof of Theorem 2.2.1. First, suppose A% 0. Then if - A> 0, the arguments in [22], which
work for bounded jumps, show that P°(A4,) > 0. For d > 3, the proof of the 0-1 law in [14]
can easily be modified to work for bounded jumps, as a remark in [22] points out. If d =1,
the 0-1 law of [16] applies, and if d = 2, Theorem 2.1.1 applies. Thus, we get P°(4,) = 1.
If /- A< 0, then —¢- A> 0, so we get P°(A_;) = 1, and therefore P°(A,) = 0. Finally, if
¢- A= 0, then the results of [12] (which can easily be made to work for bounded jumps, as
noted in the aforementioned remark in [22]) imply that P°(A,) = 0. This handles the case
A# 0. On the other hand, if A= 0, then the conclusion is that of Theorem 2.2.2. O

3.4 Further remarks

We have generalized to RWDE with bounded jumps the complete characterization of
Pg(A,) that was known for nearest-neighbor RWDE.

However, there is one nagging difficulty in the zero-drift case that must be dealt with
before we may claim absolute victory over the issue of directional transience for RWDE.

Because there are uncountably many directions, proving that the probability of transience

68



in any given direction is zero does not automatically mean that it is impossible for the walk
to be directionally transient. For example, however unlikely it seems, one could imagine the
possibility that a walk is almost surely transient in some direction ¢ € S9! and recurrent
in all directions ¢’ # £/, but that the direction ¢ of transience is random with a continuous
distribution, so that for any fixed ¢, P§(A,) = 0. This pathological behavior has yet to be
ruled out, even for the nearest-neighbor Dirichlet case. To resolve this difficulty we would
need to prove, at least for Dirichlet environments, a stronger version of Conjecture 2.2.3.
For ¢ € S971 let AY be the event that lim, ;. X, - £ = oo, but there is no neighborhood
U € 89! containing ¢ such that for all ¢ € U, lim, . X, - ' = oo. Using this notation,
we can restate Conjecture 2.2.3 (which we have proven in the Dirichlet bounded jump case)

very simply.

Conjecture (Conjecture 2.2.3). Let P° be the law of an i.i.d. RWRE on Z. Then for all
(e S PO(AY) =0.

The following strengthened version of the conjecture would rule out the pathological

behavior we have described above.

Conjecture 3.4.1. Let P° be the law of an i.i.d. RWRE on Z*. Then P° (Jycga—1 AY) = 0.
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4. BALLISTICITY IN ONE DIMENSION

In this chapter, we characterize ballisticity of RWDE on Z in terms of the Dirichlet param-
eters. First we prove Lemma 2.3.2, which gives an abstract characterization of ballisticity
for all directionally transient i.i.d. RWRE on Z with bounded jumps. We then study the
parameter kg, which characterizes finite traps, and complete the proof of Theorem 2.3.3,
which applies Tournier’s lemma to our model. We prove Theorem 2.3.4 in two parts, each
of which is stated as its own proposition. Finally, we prove Theorem 2.3.5, characterizing
finiteness of moments of the quenched Green function E°[Ny], and combine it with Lemma
2.3.2 to prove Theorem 2.3.6.

Some of our proofs will require focusing on the environment on a proper subset of the
entire state space. For a subset S C 7Z, let w® = (w”),es. In the case where S is a half-infinite

—00,7]

interval, we simplify our notation by using w=* to denote w! , and similarly with w<*,

w2, and w>?.

4.1 Abstract ballisticity criteria

The main goal of this section is to prove Lemma 2.3.2, which we recall here.

Lemma (Lemma 2.3.2). Let P be a probability measure on Qg satisfying (C1), (C2), (C3),
and (C4). Then v > 0 if and only if E°[No] = E[E2[No]] < oo.

Before we can characterize when the almost-sure limiting velocity v is positive, we must
first note that it exists. This has been shown under an ellipticity assumption too strong for
our model [18], but it can be proven in the more general case with standard techniques. The
proof for the recurrent case (where, necessarily, v = 0) can be done by a slight modification
of arguments in [34]. The proof for the directionally transient case follows [35] in defining

regeneration times (7;)5%2,. Let 7o := 0, and for k£ > 1, define

Ty :=min{n > 7,1 : X, > X, for all j <n, X, <X forall j > n}. (4.1)
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A crucial fact is that the sequences (X, — X, )%, and (7, — 7,1)22, are i.i.d. Using
these regeneration times, we are able to derive a formula for v, as well as a characterization

in terms of hitting times.

Proposition 4.1.1. Let P be a probability measure on Qy satisfying (C1), (C2), and (C3).
Then the following hold:

1. There is a P°—almost sure limiting velocity

: Xn EO[XTQ — Xﬁ]
vi=lim — = ——W——F—
n—oo n E[r, — 7]

, (4.2)

where the numerator is always finite, and the fraction is understood to be 0 if the

denominator is infinite.

Ts,

2. limg o0 =

= %; where % s understood to be oo if v = 0.

We outline some details of the argument for Proposition 4.1.1 in Chapter 5. However,
the argument there is designed to apply also to accelerated, continuous-time random walks
as well as the discrete-time case. For that reason, we outline a somewhat simplified version
in Appendix A that applies only to the discrete-time case.

For the rest of this section, assume P satisfies (C1), (C2), (C3), and (C4). We also use

regeneration times to derive the following lemma.

Lemma 4.1.2. For any a,c € Z,

lim — ZNk =—, P%a.s.

T—00 ¢ P
If v =0, then the limit is infinity.

Proof. Fix a. Recall that N, ,g_oo’x) is the amount of time the walk spends at k before 75,.

Then for z > ¢,

z k=—o00
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The first term approaches 0 almost surely by assumption (C4); hence, by Proposition 4.1.1

(2),

1 z—1 o 1
lim — > N,E @) = 2 Phas. (4.3)

We note that Ny and N, ,§*°°’”“’> differ only if the walk backtracks and visits k after reaching
[z,00). The sum, over all k < x, of these differences, is the total amount of time the walk
spends to the left of x after 75,, and it is bounded above by the time from 7%, to the next
regeneration time (defined as in (4.1)), which is in turn bounded above by 7y — Ty(z)-1
where J(x) is the (random) j such that 7;_; < T%, < 7;. Hence

lleN Oo’z)<1wlek<1leN M)+1 [Tr(@) = Ta@)-1] (4.4)

Assume v = 0. Then by (4.3), the left side of (4.4) approaches co as x approaches co, and
therefore so does the middle. On the other hand, suppose v > 0. By (4.2), E[r, — 71| < o0.
Then by the strong law of large numbers, ™ — E[r, — 71] < oo, which implies that ===
approaches 0. Since J(z) < x + 1, the term = [Tj(x) — Tj(z)—1) approaches zero almost surely;

hence the Squeeze Theorem yields the desired result. O

Suppose for now that R = 1. Then, for almost every w, it is possible to define a bi-infinite
walk X = (X,,)nez whose “right halves” are distributed like random walks under w. From
each site a, run a walk according to the transition probabilities given by w until it reaches
a + 1 (which occurs in finite time P%-a.s. for P-a.e. w). Concatenating all of these walks
then gives, up to a time shift', a unique walk X = (X, ),cz such that for any z € Z, the
distribution of (X )72, , conditioned on X, = z, is P?. We may think of X as a walk from
—o0 to oo in the environment w.

With a bit more work, we can define a similar bi-infinite walk in the general case R > 0.
Call the set of vertices ((k — 1)R, kR] the kth level of Z, and for = € Z, let [[z]]r denote
the level containing x. Let w be a given environment. From each point a € Z, run a

walk according to the transition probabilities given by w until it reaches the next level (i.e.,

1Choose, for example, the time shift where Xy = 0 and where X,, < 0 whenever n < 0.
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[[a + R]|g). This will happen P%-a.s. for P—a.e. w, by transience to the right and because
it is not possible to jump over a set of length R. Do this independently at every point for
every level. This gives what we’ll call a cascade: a set of (almost surely finite) walks indexed
by Z, where the walk indexed by a € Z starts at a and ends upon reaching level [[a + R]|g.
Then for almost every cascade, concatenating these finite walks gives, for each point a, a
right-infinite walk X% = (X2)> . Let P, be the probability measure we have just described
on the space of cascades, and let P = P x P,,.

It is crucial to note that by the strong Markov property, the law of X* under P, is the
same as the law of X under PZ, which also implies that the law of X® under P is the same
as the law of X under P*.

For each x € 7Z, let the “coalescence event” C,, be the event that all the walks from level

[z — R]]r first hit level [[z]]r at z. On the event C,, we say a coalescence occurs at .

Lemma 4.1.3. Let & be the event that all the X* are transient to the right, that all steps to
the left and right are bounded by L and R, respectively, and that infinitely many coalescences
occur to the left and to the right of 0. Then P(&) = 1.

Proof. Boundedness of steps has probability 1 by assumption (C3), and by assumption (C4)
all the walks X* are transient to the right with probability 1. Now for £ > 2 and x € Z, let
Cyr be the event that all the walks from level [[x — R]|g first hit level [[z]]r at = without
ever having reached [[x — kR]]r. Choose k large enough that P(Cy ) > 0; then under the law
P, the events {Cpiri}nez are all independent and have equal, positive probability. Thus,
infinitely many of them will occur in both directions, P-a.s. By definition, C,, C C,, and

so infinitely many of the events C, occur in both directions, P-a.s. ]

Assume the environment and cascade are in the event &. Let (z)rez be the locations of
coalescence events (with xy the smallest non-negative = such that C, occurs). By definition
of the xy, for every k and for every a to the left of [[z4]]r, Tijw.).(X?) = T4, (X?) < 00. Now
for j < k, it necessarily holds that z; is to the left of [[x)]]r, since there can be only one
xy, per level. Define v(j, k) := T, (X*). By definition of the walks X®, we have for j < k,
n >0,

an—u(j,k)

= X, (4.5)
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From this one can easily check that the v(j, k) are additive; that is, for j < k < ¢, we have
v(7,0) =v(j, k) + vk, 0).

Because all the X"+ agree with each other in the sense of (4.5), we may define a single,
bi-infinite walk X = (X,,),cz that agrees with all of the X®. For n > 0, let X, = X.

For n < 0, choose j < 0 such that v(j,0) > |n|, and let X,, = X/, This definition is

(7,0)=In|"
independent of the choice of j, because if j < k < 0 with v(k,0) > |n|, then by (4.5) and the
additivity of the v(j, k), we have

X"

N
Xt o3 k) 4 (k0)— [l

v(j,0)=n| —

= X (k0)—nl-
We may then define N, := #{n € Z : X,, = x} to be the amount of time the walk X spends
at x. Thus, N, = lim,_, o, N,(X?).

Lemma 4.1.4. Both of the sequences (X%),ez and (N)zez are stationary and ergodic.

Proof. For a given environment, the cascade that defines X may be generated by a (count-
able) family U = (Uy), e 4z ©f 11.d. uniform random variables on [0, 1]. For such a collec-
tion, and an a € Z, let U* be the projection (Ug),cy. Given an environment w, the finite
walk from a to level [[a + R]]r may be generated using the first several U?. (One of the U?
is used for each step. Once the walk terminates, the rest of the U} are not needed, but one
does not know in advance how many will be needed.) Let &% = (w*, U%), and & = (©%)4ez-
Define the left shift 6 by 0(@) := (&"+!),ez. Then (@%)yez is an i.i.d. sequence. We have
X0 = XO(®) and X* = X(§°®). Similarly, Ny = No(@) and N, = No(6*®). So it suffices
to show that X° and N, are measurable. The measurability of X is obvious. For N, let

Ao be the event that:

(a) for some x < 0, a coalescence event C, . (as defined in the proof of Lemma 4.1.3) occurs

with —B < x — kR < x < 0, so that X agrees with X to the right of z;

(b) N(g_B’B](Xx) > ¢, where NJ %" is the amount of time the walk spends at z before

exiting [— B, B]; and
(c) none of the walks from sites a € [—B, B] uses more than r of the random variables U?.
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On this event, Ny is seen to be at least ¢ by looking only within [—B, B] and only at the
first 7 uniform random variables at each site. The event A, p, is measurable, because it is
a measurable function of finitely many random variables, and the event { Ny > £} is, up to
a null set, simply the union over all r, then over all B, and then over all k£ of these events.

Thus, N, is measurable. O

We now give the connection between Ny and the limiting velocity v.

Lemma 4.1.5. v = m. Consequently, the walk is ballistic if and only if E[Ny] < oo.

We note that a similar formula for the limiting speed in the ballistic case can be obtained
from [36, Theorem 6.12] for discrete-time RWRE on a strip, although the probabilistic in-
terpretation is less explicit, and an ellipticity assumption that does not hold for Dirichlet

RWRE is required.
Proof. By Lemma 4.1.4 and Birkhoft’s Ergodic theorem, for any ¢ € Z we have

n

lim =) N,(X%) = E[N,], P-as.
ngglong K(X?) = E[No], P-as
It follows that
1 n
lim —ZNk(X) = E[Ny], P*-a.s
n—)oonkzc
By Lemma 4.1.2, we get v = ———. [

E[No]

Now we can see that the walk is ballistic if and only if E[Ng] < co. In order to prove

Lemma 2.3.2, we need to compare E[Ng] with E°[Ng].
Lemma 4.1.6. E[Ny] < E°[Ny].

Proof. 1f E°[Ng] = oo, the inequality is trivial. Assume, therefore, that E°[Ny] < oco.
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Note that lim, . No(X™%) = Ny, P-a.s. Assuming we are able to interchange a limit

with an expectation, we have

E[N, = E {lim NO(X‘x)}

T—00

= lim E [No(X")] (4.6)

T—00

= lim E~*[No(X)].

T—00

But each term E~*[Ny(X)] = E[E,*[No]] is less than E°[Ny| = E[E2[No]], since E*[Ny| =
P;*(Ty < 00)E°[Ny]. Therefore, we may conclude E[Ny] < E°[Ny], provided we can justify
(4.6). To do this, we will apply the dominated convergence theorem, noting that No(X~*) <

maxi_g<y<o No(XY) for all > R. To see that the latter has finite expectation, we have

E| max No(Xy)] <
1-R<y<0

IN

This allows us to justify our use of the dominated convergence theorem, completing the

proof. [

We must now handle the case where E°[Ny] = oco. Our first step is to prove Lemma 2.3.1.
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Lemma (Lemma 2.3.1). Let P be a probability measure on Sy satisfying (C1), (C2), (C3),
and (C4). Then v > 0 if and only if E°[T>1] < oo, where Ty is the first time the walk hits
1, 00).

Proof of Lemma 2.3.1. Suppose E°[T5(X)] < oco. Then for P,-almost every cascade, we

have
T>IiX ) _ ikzx:(TEk(XO) — T2 (X))
<2 Zx: Tor (X, 20

where the inequality comes from the fact that if X° hits [k — 1,00) at k — 1, then it follows
the same path from there as X*~1, while if it hits [k — 1, 00) at a point to the right of k — 1,
then 75, — T>,—1 = 0. By Birkhoft’s Ergodic Theorem, the right side P-a.s. approaches

E[T%1(X?)] = E°[T%,]. Now we know from Proposition 4.1.1 that lim, . ¥~ = 1, so the

TZI(XO)
0
XTZac

subsequence must have the same limit. Since, for x > R, we have

X0 +R- & XL -R

=22 Applying (2.7), we get

7o . (X0
— = lim 72:0( )

v n—o0 x

1 x
< lm =Y Top(XFH

n—oo
T =

= E°[T%4].

Therefore, if E°[T%;] < oo, then v > 0.

On the other hand, suppose E°[T%] = co. We will show that v = 0.
Claim 2.3.1.1. E [minlgigR T2R+1(Xi)] = OQ.

By assumptions (C1), (C2), and (C3), we still have an my > max(L, R) large enough
that every interval of length my is irreducible, P—a.s. Let A be the event that
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o Foreachi=1,...,R— 1, the walk X* hits R before leaving [R — mg + 1, R].

o« The walk X first exits [R — mg + 1, R] by hitting R — m,.

<E-mo_ Now, on the event

Then under P, the quenched probability of A is independent of w
A, the minimum min;<;<g T>p.1(X") is attained for i = R, since all the other walks take
time to get to R and then simply follow X®. Now on A, T5p1(X®) is greater than the
amount of time it takes for the walk X% to cross back to [R — mq + 1, 00) after first hitting
R — myg. The quenched expectation of this time, conditioned on A, is Eff=™[T% g .. 11] by
the strong Markov property, and this depends only on w<%#"™0_ Hence
E | min Tonn(X)] 2 B [P(A)EulTenn(XP)4]

> F [Pw(A)Ef_mO [TZR—mo—H(X)H

= PAJE" ™ [Ty (X))

= P(A)E" [T (X)]

= 0.
This proves our claim. Now for x > 1,
Touri1(X%) > To1(XO) + ];1 1221}% TZkR—‘,—l(X(k_l)R—H).

T>.rt1(X9)

o = o0, P-a.s. by

Dividing by R and taking limits as x — oo, we get lim, .
Birkhoff’s ergodic theorem. Hence lim,_, TZ%ZH(X) = 00, P’a.s. It follows that v = 0. [

Now we can handle the case E°[Ny] = cc.
Proposition 4.1.7. If E°[Ny] = oo, then v = 0.

Proof. Suppose E°[Ny| = co. We want to show that v = 0. By Lemma 2.3.1, it suffices to
show that E°[T%,] = oo.
Now Nj is the total number of visits the walk makes to 0. These visits may be sorted

based on the farthest point to the right that the walk has hit in the past at the time of each
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visit. As in the proof of Lemma 4.1.2, we use N\ °" to denote the amount of time the walk

spends at k before T%,. Thus, for a walk started at 0 we get
Ny = Z (Néfoo,erl) . N(gfoo,x)) . (48)
=0

Taking expectations on both sides, we get
E°[No] = Y B [E [N§>" — Ny (4.9)
=0

Now NO_OO’x) and Né_oo’xﬂ) can only differ if the walk hits [z, 00) at x. Conditioned on this
event, the distribution under P) of the walk (X, 1., )52 is the distribution of X under PZ.

Thus,

w

B [Ngo Y — Ny = PY(X, = 2)EL [Ng 0] (4.10)

Combining (4.9) and (4.10), we get

BO[N = Y B [P2(Xr, = ) B2 [N )]

=0

<3 B (B [N

x=0

= B [N
=0

By stationarity,

E°Ng < 3B (NG

=0

— R’ [i Nﬁ;""’”]

x=0

= E%[T%q].

If E°[Ny] = oo, it follows that E°[T%;], and by Lemma 2.3.1, v = 0. O

We can now complete the proof of our main lemma.
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Proof of Lemma 2.3.2. Assume the walk is transient to the right. If E°[Ny] = oo, the con-
clusion is that of Proposition 4.1.7. Otherwise, combining Lemmas 4.1.5 and 4.1.6 gives
v > 0. The left-transient case follows by symmetry. By the 0-1 law of [16], the remaining
case is where the walk is recurrent. This implies that Ny = oo, PYa.s., so that E°[Ny] = oo.

Because v = 0 in the recurrent case, the lemma is true. [

4.2 Parameters governing ballisticity of RWDE

We now return to the Dirichlet model. In this section, we will characterize ballisticity
in terms of L, R, and the parameters ()% ;. Lemma 2.3.2 tells us that the walk is
ballistic precisely when the quantity Eg[No] = Eg[ES[No]] is finite. Although we cannot
usually calculate this expectation, we are able to characterize when it is finite in terms of
our Dirichlet parameters. We assume throughout this section that x; > 0, so that the walk
is transient to the right, and we examine the integrability of E°[Ny] under Pg. In fact, we
generalize the question, examining when FEg[E®[No]*] < oo for s > 0. The goal of this section
is to prove Theorems 2.3.3, 2.3.4, and 2.3.5. Theorem 2.3.6 then easily follows from Theorem

2.3.5 and Lemma 2.3.2.

4.2.1 Finite traps: The parameter kg

In this subsection, we use Tournier’s lemma to study the existence of finite traps—finite
sets in which the walk is expected to spend an infinite amount of time before exiting under
the annealed measure.

We note that although Tournier’s lemma is stated for a finite graph, it can readily be
applied to walks that are killed upon exiting a finite subset of an infinite graph. In particular,
for any positive integer M, we can identify all vertices outside of [—M, M| into one sink and
then argue as in Claim 3.2.1.1 or use Lemma 1.4.1 to see that the annealed expected number
of visits to 0 before exiting [—M, M] is infinite if and only if there is a strongly connected

subset S of [—M, M] containing 0 such that g < 1.
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This discussion motivates us to define, for our graph G, the quantity
Ko := inf{fg : S C Z finite, strongly connected}. (4.11)

We now recall Theorem 2.3.3. (Also recall that N; is the amount of time the walk spends

at 0 before first exiting S.)

Theorem (Theorem 2.3.3). For s > 0, the following are equivalent:
(a) ko < s.

(b) For all sufficiently large M, Eg [Eg [N(E*M’O]ﬂ = 0.

(c) For some M >0, Eg {Eg [N([)_M’M]r} = 00.

The proof is essentially a straightforward application of Tournier’s lemma as we have
just discussed; however, in order to handle the boundary case s = kg, we first need to show
that the infimum in the definition of kg is actually a minimum. For example, in the case
ko = s = 1, showing that k¢ is a minimum means showing that there is actually a finite set
containing 0 that the walk is expected to get stuck in for an infinite amount of time. We

also give an algorithm to compute k.

Proposition 4.2.1. The infimum kg for the graph G is actually a minimum attained by a set
S C 7Z. Moreover, there is an integer M, which may be calculated from L, R, and the weight
assignments (o;)_r<i<r, such that the infimum is attained on a subset S with diameter at

most M. Hence ko can be calculated directly.

By translation invariance of the graph G, this implies that it is possible to compute xq by
looking at strongly connected subsets S with diameter no more than M and with leftmost

point 0.

Proof. We prove this in a series of claims. Recall that mg > max(L, R) is large enough that

every interval of length my is strongly connected.

Claim 4.2.1.1. ko < d" +d.
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To prove this claim, it suffices to exhibit a finite, strongly connected set S C Z with
Bs =dt+d~. Let S = [0,mg—1]. Then S is strongly connected. Now fs is the total weight
of edges from [0,my — 1] to other vertices. Since m > max(L, R), it is easy to check that

this is exactly d* +d~.

Claim 4.2.1.2. Let S C Z be a finite, strongly connected set of vertices. If z is a vertex to
the left or to the right of S, then Bsup. > Bs.

The quantity Sg is the sum of all weights from vertices in S to vertices not in .S. The
quantity Bsu(s) counts all same weights, except for weights of edges from S to z, and it also
counts weights of edges from z to vertices not in S U {z}. If z is to the right of S, then the
total weight of edges from S to x cannot be more than ¢*, because ¢* is the total weight
into x from all vertices to the left of . On the other hand, ¢* is also the total weight from
x to all vertices to the right of , which are necessarily not in S U{z}. Thus, the additional
weight from x to the right at least makes up for any weight into x from S. This proves the
claim in the case that x is to the right of A, and a similar argument proves the symmetric

case.

Remark 4.2.1. Note the importance of the assumption that x is to the left or right of S. If
x is in between some of the vertices of S, then it is certainly possible that Bsu,) < Bs. See

Examples B.0.7 and B.0.8.

Claim 4.2.1.3. Let S be a finite, strongly connected subset of Z. Say that a vertex x € S is
insulated if every site reachable in one step from z is also in S. Then if z < y are consecutive
non-insulated vertices in S with y — x > my, it must be the case that all vertices between x

and y are in S.

Suppose there are two consecutive non-insulated vertices z,y € S with y — x > my.
Because my > max(L, R), there must be other vertices from S strictly between z and y in
order for S to contain a path from z to y and y to x. By assumption, all such vertices are
insulated. Therefore, if there is an edge from a vertex in (z,y) NS to another vertex in (z,y),
then the latter vertex must also be in S, and since it is strictly between x and y, it must also

be insulated. Applying this fact repeatedly, we see that any two vertices that communicate
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within (z,y) are either both insulated in S or both in S°. Since the length of (z,y) is at

least my, all sites in the interval communicate, and so all are in S.

Claim 4.2.1.4. The infimum & is attained as a minimum; kg = g, for some Sy. Moreover,

there is an algorithm to find it.

Let ¢ be the smallest weight any edge in G has, let N be an integer such that Ne > d*+d~,
and let M = (N — 1)(mp) (note this implies M > mg). Then if S is a set of vertices with
diameter greater than M, it must either have at least N non-insulated vertices or have
consecutive non-insulated vertices that differ by more than mg. If there are at least N non-
insulated vertices, then there is an edge from each of these to at least one vertex outside of
S, which means 85 > Ne > dt +d~ > ko, the last inequality coming from Claim 4.2.1.1. On
the other hand, if two consecutive non-insulated vertices x < y differ by more than mg, then
[z,y] € S by Claim 4.2.1.3. Now [, = d* +d~, and vertices to the left and to the right of
[z, y] can only increase s by Claim 4.2.1.2. Thus, s > d + d~ > k¢. Therefore, one can
compute kg by looking only at g for subsets S of Z with diameter no larger than M (note
that this includes [0, mo — 1], which has Sjo m,—1) = d* +d~). By shift invariance, one can in
fact look only at subsets of [0, M]. Since there are only finitely many such sets, the infimum
in the definition of kq is actually a minimum. Since a suitable M can be easily calculated
from L, R, and the «;, finding such an M and then examining all strongly connected subsets

of Z with leftmost point 0 and diameter < M gives us an algorithm to find . [
We are now able to prove Theorem 2.3.3.

Proof of Theorem 2.3.5.

(a) = (b) Suppose ko < s. By Proposition 4.2.1, this means there is a finite, strongly
connected set S of vertices in Z such that fg < s. By translation invariance, we may assume
0 is the rightmost point of S. Let —M be large enough that S C [—M,0]. By collapsing
all vertices not in [—M, 0] into a sink and then arguing as in Claim 3.2.1.1, we may apply
Tournier’s lemma along with the amalgamation property to see that Eg {EB {N(ng’Oq s} = 00.

(b) = (c) Immediate, since Nl < NfMMI

83



(¢c) = (a) Suppose Eg [Eg [NéfM’M]r} = 00. Again, collapsing all vertices not in
[—M, M] into a single sink, we may apply Tournier’s lemma to see that there is a strongly

connected set S C [—M, M] such that Sg < s. Hence kg < s. O

The method for finding kg given in the proof of Proposition 4.2.1 requires knowledge of
the «;, and the number of sets to examine grows exponentially with the reciprocal of the
smallest positive ;. We prove in Appendix B that given only the set N (that is, given only
L, R, and the i for which a; > 0), ko can be expressed as a minimum of finitely many positive
integer combinations of the ;. If one has this formula, then one may easily compute kg for

any specific values of the «;.

Proposition 4.2.2. Given the set N, kg is an elementary function (a minimum of finitely

many positive integer combinations) of the ;.

Jump to proof.

Notice that Proposition 4.2.2 would have sufficed in place of Proposition 4.2.1 to show
that the infimum in the definition of kg is a minimum, which is enough to prove Theorem
2.3.3. On the one hand, Proposition 4.2.2 is stronger than Proposition 4.2.1 in that it shows,
given the structure of the graph G, that there is an elementary formula for kg that holds for
all possible choices of «;, whereas Proposition 4.2.1 gives kg as a minimum of (g for sets S
in a collection of sets that is finite, but whose size depends on the sizes of the a;. On the
other hand, Proposition 4.2.2 is weaker than Proposition 4.2.1 in that it does not lead to an
explicit algorithm for finding &, since we do not have an algorithm to find the formula that
is proven to exist in Proposition 4.2.2. Nevertheless, we give examples in Appendix B where
we are able to find this formula. We leave it as an open question to find a general algorithm

to do this.

4.2.2 Large-scale backtracking: The parameter x;

We have seen that the parameter kg controls moments of the quenched expected time
a walk spends at 0 before exiting a finite set. We will now show that in a similar way,

controls moments of backward traversals of arbitrarily large stretches of the graph.
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In discussing the proof of the transient, one-dimensional case of Theorem 2.2.1, we used
the graphs Gy, finite graphs that looked like G except near endpoints. Here, we consider
these along with a “limiting graph” that is half infinite. Let G, be a graph with vertex set
[0,00). The graph G, contains all the same edges between vertices to the right of 0 with
the same weights as G. For vertices 1 < ¢ < L, there is an edge from ¢ to 0 with weight

2:1_,: a;_;. And to each vertex 1 < j < R is added an edge from 0 with weight ZZR:j ;.

[ (D) [£D) a9 g a2 [£D) [eD) a
a a1 a iy a1 a1 a1 a1 —
@, @ ©) ® @ ®, ® @ o oo
—1 a_q a_q a1 a1 a_q a_q a_1 \
—2 a—2 a_2 a_a a_3 a3 a3 a_2 a_3

Figure 4.1. The graph G..

The graph G, has zero divergence at all sites except 0, where the divergence is d* —d~ =
k1. Thus, in a sense there is a “net flow” of strength s, from 0 to infinity, and to motivate
the following lemma, the reader may imagine an edge “from oo to 0” with weight ;. In
some sense, the following lemma extends Corollary 1.4.3 (1) to this infinite graph. One can

prove it using a comparison between G and G,;.

Lemma 4.2.3 ([22, Theorem 2|). Under Pg,, P)(Ty = o) ~ Beta(k1,d™).

w

We will use Lemma 4.2.3 to prove Theorem 2.3.4 in two separate propositions. Recall
that for a given walk X and integers z < y, the quantity N,, = N, ,(X) is defined as the

number of trips from y to z.

Proposition 4.2.4. Suppose s > ky. Then the following hold:
1. Eg[E[No]*] = oo.
2. For allz <y € Z, Eg|E’[N,,]] = oo.

Like Theorem 2.3.3, this proposition not only gives a sufficient condition for zero speed,
but gives the reason for zero speed. If ko < 1, the speed is zero because it takes a long time
for the walk to exit small traps; on the other hand, if k; < 1, the speed is zero because the

walk traverses large regions of Z many times.
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Proof.
Outline

The philosophy of the proof is that the components of a Dirichlet random vector become more
and more independent as their values become small. If (Y7, Y5, Y3,Y)) is a Dirichlet vector
with parameters (a,b,c,d), and (X7, Xs) and (X3, X,) are independent Dirichlet vectors
with parameters (a,y) and (c, z), respectively, then P(X; < e, X35 < 0) < P(Y; <¢e,Y3 <)
as (£,0) — (0,0). In other words, although these probabilities do not necessarily become
approximately equal (even if y = b and z = ¢), they are bounded by constant multiples of
each other. For each i = 1,..., R, the Dirichlet weight entering i from [1 — R,0] in G is the
same as the Dirichlet weight entering ¢ from 0 in G,. The goal of this proof is to exploit the
comparability of small-value probabilities and perform a coupling between (w(0,4))% | under
Py, and (Z?Zlwa(j, i))il under Fg.

Actually, we will couple vectors that distinguish between different edges to the same
vertex. Let By :={(4,5) : 1-R<i<0,1<j<i+R, a;_; >0} be the set of right-oriented
edges in G that originate from or cross 0, and for every e = (i,5) € Ey, let a. = oj_;. We

consider random vectors Z = (Z),cp, and Y = (V) and a measure P’ such that the

e€Ey’
distribution of (Z).cp, under P’ is the distribution of (w(i,7)); jyeg, under Fg, and such
that Y is a Dirichlet random vector with parameters (o )ecr,. The amalgamation property
implies that (2?217 R Y(i’j)xil is distributed like (w(0, 7)., under Py, . The idea is to define
a coupling event K, independent of Y and with positive probability, on which Z., <Y, for
all e. We do not quite accomplish this, but we come close enough that we are able to use
Z and Y to construct random environments w; and w,, drawn respectively according to Fg
and P, , such that on K, Y0, P! (T}i_go = o0) is bounded above by a constant multiple

of PSQ(TO = 00). From Lemma 4.2.3 we get that Fg, [ ] = 00, so our coupling gives

1
PO(Tpy=00)

us F | <o _ 1( = 0o. This is enough to give us E}[Ny] = oo, and more careful

Zi:l—RP“l’l
analysis yields ES[N, ] = oo.
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Groundwork for the coupling

Suppose the edges in Fj are enumerated as ey, . . ., e, in some way. (In fact, we will enumerate
them in a random way, yet to be described, but for now assume the enumeration is fixed.)
We have said how Z and Y will be distributed under P’. By the amalgamation property,
Z., and Y., are both beta random variables whose first parameter is a.,. Their second
parameters may differ, but by (1.1) we nonetheless have P'(Z., < ¢) < e*1 < P'(Z,, < ¢),
where f(€) < g(¢) means there exist positive constants ¢, C' such that cg(e) < f(e) < Cy(e)
for all e € [0, 1].

Note that for 1 < i < k-1, Y] := };ejl = kYei is a beta random variable,
¢ 1_23':1 Y;fj Zj:iYej

independent of Y,,,..., Y., |, and with first parameter «,, (this comes from the restriction
Yo,
v,

is a beta random variable, independent of Z,,, ..., Z,, |,

property, along with the amalgamation property). Let Y, = = 1. Likewise, for
- Zei
1_22;11 Ze; 1{313}

and with first parameter ae,. (We do not have Z,, = 1 a.s., because Z,, corresponds to

1<i<k Z =

an edge from a vertex ¢ < 0 to a vertex j > 0, and there are still edges from ¢ to vertices
to the left of 0.) By (1.1), P'(Z] < ¢e) < e* x P'(Y/ <¢),for 0 <i < k—1. Thus,
there exists a constant ¢ such that for all ¢ € [0,1], and for all i = 1,...,k — 1, we have
P(Z] <e¢e)>cP(Y, <e¢). This ¢ may depend on the chosen permutation (ej,...,ex) of
Ey, but there are only finitely many permutations, so we may assume c is small enough to
work for any of them. For each 1 < i < k, let FZéi be the cdf for Zéi, and let QZ% be the
associated quantile function (since F: z;, is continuous and strictly increasing on [0, 1], Q 7, 1s
simply the inverse of F 7., restricted to the interval [0,1]). Similarly, for 1 < i < k, let Fy,
and defi be the cdf and quantile function for Ye’i.2 Choose ¢ to be an integer large enough

that % < c¢. Then
1
Fp >—-Fy,, 1<i<k. (4.12)

= v

Now given Y' = (Y/,..., Y] )and Z' = (Z],...,Z] ), we can recover Y and Z. First,

ey’ e1’

Y., = Ye’1 and Z., = Zéu and then if Y; and Z; are known for 1 < j <4, then the formulas for

Y, and Z] can be used to find Y, and Z,,. Therefore, one way to generate the vector Y is to

€

21Since Ye’k is identically 1, its cdf is 0 to the left of 1 and 1 at 1, and its quantile function is identically 1.
All other Y/ have continuous cdfs and quantile functions.
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generate independent beta random variables Y, , Y/ ,..., Y/  with appropriate parameters
(which depend on the permutation (ey,...,ex)) and then use these to recover Y. Similarly,

Z can be generated by means of independent beta random variables Z; , ..., Z; . Under this

e
method, the chosen permutation (ey,...,e) affects the parameters for the Y, and Z; , as
well as the order in which they are put together, but the distributions of Y and Z, are the

same regardless of the chosen permutation.
The coupling

Our probability space is [0, 1]¥ x {0,..., £ —1}* x Q7. Let P’ be the product measure whose
marginals on )z are equal to Py, and whose marginals on [0, 1]* x {0, ..., ¢—1}* are uniform.

An element of our probability space will be of the form
<U17"'7Uk7‘/17"'7‘/;€7w>7

where the U; take values on [0, 1], the V; take integer values from 0 to £ — 1, and w can be
any environment on Z. Define the function W; := % Then the W, are i.i.d. uniform
0, 1] under P".

Recall that w”? is the environment w to the right of 0; that is, if w = (w(a, b))apez, then
w”? = (w(a,b))apez.a>0. The values of P!(Ty = oo) are determined by w”? for 1 < i < R.

For a given w”? let (e, ..., ex) be a permutation of Ey such that

i<j = PI(Ty=00)< PH(Th=oc0). (4.13)

To get such an arrangement, sort vertices 1 < j < R in order of PJ(T, = 0o), then sort the
edges (7, j) € Ep primarily according to the rank of j and secondarily according to the value
of 1.

We can now use uniform random variables along with quantile functions to get Z' =
(Zeys s Ze,) and Y' = (Y], ... Y] ). Letting Z{ = @z, (W1) gives us the desired distribu-
tion for each Z] under P', and letting Y, = de/i(Ul) gives us the desired distribution for

each Y/ . This gives us Y’ and Z’, from which we may then recover Z and Y. Even though

the specific permutation (eq, ..., ex) is used along with the U; in defining Y, the distribution
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of Y is the same for any fixed permutation, and so Y is independent of w. Similarly, Z is
also independent of w.

Define the coupling event K to be the event that V; = ... = Vi, = 0, the walk is
transient to the right, P,-a.s., and w(i,j) > 0 iff oj_; > 0 for all 4,5 € Z. Because these
last two conditions each have P’ probability 1, K is independent of w as well as Y, and

has positive probability P'(K) = (%)k On K, W, = %Ui for 1 <i < R. Lett € [0,1].

Then Qzé,(%t) is the unique x such that Fy (x) = %t. For this x, applying (4.12) gives us
%t > %Fye/ (x), or t > Fy, (). Applying the increasing function de/i to both sides, we get
Qv (t) >x=Qz (%t) This is true for all ¢ € [0, 1], so on the event K, we have

7 <y, i=1,... .k (4.14)

€ — T €

We now describe how to use Z, Y, and w to create environments w; and wsy, drawn
according to Py and Py, , respectively. For i,7 > 0, let wi (i, j) = w(i,7) = w(i,5). We also
let wy(7,7) = w(i,j) fori > 0 and any j < 0. But for ws, transition probabilities from positive
to negative vertices are “collapsed” to 0. That is, for i > 0, we let wy(i,0) = X ;<qw(4, ).
By the amalgamation property, one can check that transition probabilities at sites greater

than 0 are drawn according to Py, . Moreover, for i > 1, we have

P! (T<g = 00) = P, (Tp = o) (4.15)

Then let wy(0,7) = X9 1 g Y, j = 1,..., R. By the distribution of Y and the fact
that it is independent of w, transition probabilities at sites greater than or equal to 0 of
wy are drawn according to Py, (sites less than 0 don’t matter, so for example we can let
wa(%,7) = 1yj=; whenever i < 0).

For i ¢ [1 — R, 0], and for all j, let wy(4,5) = w(i, ). For i € [1 — R,0] and for all j > 0
with (¢,j) € Eo, let wi(i,5) = Z;j). Foralli € [1 — R,0] and j < 0, we keep wi(4,7) the

same as w(i, j), but scaled to ensure that >, w(,j) = 1. That is,

e

r>0 r<0 W(i, T)
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Notice that under this definition, (”1(”)> = (Zw(”)) . By the restric-
< r<0

27'50 wl(lvr) r<0 w(z,r)

tion property, <Z)> is independent of (w(i,r)),., under P, and by the way we
v r<0

have defined wy, (Z(wl)(”) is independent of (Z(;,)),~o under P’. Therefore, since
<0 TSO

(Z(ir))r>0 w (w(i,7)),50 by construction, we have (wi (i, j)); w (w(i, 5)); for each i, and the

transition probability vectors are all independent. Hence the law of w; is Fg.
Comparing sums of probabilities

The goal for this part of the proof is to show that on the event K,

ZZ&PE; T<0 < CZ e w2 OO) (416)

for some deterministic constant C'. Note that the sum on the right side of (4.16) is equal to
P), (Ty = o).

By (4.15), we could get (4.16) by showing that Z., < CY,, for all i. However, achieving
this precisely would require a more elaborate coupling. The difficulty is that if, for example,
Y., is very close to 1, all other Y,, are forced to be very small, whereas some of the Z,, are
independent of Z,,. Our specific ordering of the edges ey, ..., e, allows us to get around this
difficulty.

Let 7 be the smallest integer in {1,..., R} such that >3/_; Y., > $ (r is random). For

1 <i <r, on the event K we have

7z, Y,
e i1 - < iil < 2Y;l
=% Ze, U=y — 1= 2ja ¥

(The middle terms are the definitions of Z; and Y[, respectively.) We now have

ZZele; (T<o = ZZele; (T<p = o0) + Z Ze, Pt (T<g = o0)
= 7“+1
< Zgyﬁpj; = o0) + Z P3(Ty = o)
1=r+1
< ZQY P2(Ty = o0) + kP% (T = 00), (4.17)
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where, for the last line, we used the fact that P% (T = o0) is non-increasing in i by (4.13).
We want to combine the two terms from (4.17) into one. To do this, we note

2Ye P% (Ty = 0c0) > 2Y P (Ty =
% wz

€ w2

= QPES(TO =00) ) Y,

=1

2 P5;<TO = OO),

where we used the same non-increasing property for the first line, and the definition of r in

the last line. Applying this to (4.17) gives us

ZZ P% (Tep = <ZQYP€1 = +kZ2YP6 = o)

€4 OJ1 €~ wa €~ w2

=2(k+1) ZYP‘”TO o)

=1

ZY P (Ty = o0). (4.18)

€q OJQ

This is exactly (4.16).
Comparing expectations

We consider the probability in w;, starting from a point a in (—oo, 0], of never hitting
the set [1 — R, 0] at a positive time. If w; is transient to the right and jumps to the right are
bounded by R, then the only way for this to occur is for a to be in [1 — R, 0], for the first

91



step to be to the right of 0, and then for the walk to never again hit a site to the left of 0.
Thus, on the coupling event K,

max P, (Th-ry) ) < Z 2 (Th—r o) = 00)

0 R
Z X_:Z(lﬂ wl(T<0 )

1=1—

0 R
+1) Y > YayPlL(To = o)
i—1—R j=1

= 2(k +1)PS (T = o0). (4.19)
It is straightforward to check by induction that for all n > 1, a <0,

Pgl (N[I—R,O] Z n) > 1 I}glil;l<0p (Ty[l_Ryo] < OO)n_l. (420)

Summing over all n > 1 in (4.20) and applying (4.19), we get on the coupling event K,

ES [Nn—ry] ZP 1-R0] = 1)

n—1
2 zjl 1 r}rzlgzl<op 1<T[1_R’0] < o)

1
B maXj_Rr<i<o Pf,l (T[l—R,U] = 0)
> ! =
2(k + 1)P32(T0 = 0)
1
— UV 4.21
20k + 1) r [ VO 2
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Since the event K is independent of ws, we conclude that
E' [ES [Nu-ro)’] = E' [ED, [Nn-ro) 1]

! 1 0 s
2 B [W%W 14
1 / 0 S /
= Sy ? (EalNe] PE)
1 ]' / 0 S
Tk 2s(k + l)sE BN

By the way w; and wy are distributed, this means

1 1
35 7 |07 =7 .

If s > k1, then the right side of (4.22) is infinite by Proposition 4.2.3 and (1.1), so we have

00 = Eg[EQ[Nji—ry)°]

This proves the first part of the proposition. At this point, the reader interested only in
characterizing ballisticity may skip the remainder of the proof, and may also skip Proposition
4.2.5, going straight to Section 4.2.3. However, the next part of this proof and Proposition
4.2.5 together provide an important insight into the behavior of the walk: namely, that the
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walk is expected to oscillate back and forth between any two points infinitely many times

precisely when x; < 1.
Arbitrarily large backtracking

We now want to prove the second part of the proposition, which strengthens our result
to show that the expected number of oscillations between any two points is infinite. We do

this via the following claim.

Claim 4.2.4.1. For any a < 0 and x < y < 0 we have

EQ [Ef; [Nx,y]s

wS_R} =00, Pga.s.
Assume for now that the claim is true. Taking expectations on both sides gives us
Eg [Eg[Nw]s] = 0. (4.23)

Let <y € Z. If y <0, then letting a = 0 in (4.23) gives us Eg [E°[N,,]*] = oo, which
is exactly what we needed to show for the second part of the proposition. If y > 0, then
(4.23) gives us Eg [E_Y[N;_y0]°] = 0o, and then the translation invariance of G gives us
Eg [E[Nz,]*] = oo,

It remains, then, to prove the claim. Under P’, w; is drawn according to Pg. Since w;

agrees with w on (—oo, —R], our claim is equivalent to the statement E’ [E“jl [N ,]° wﬁ—R] =
00, P'~a.s. And since o(w="1) is coarser than o(w="), it suffices to show that
E' |2, [Ny |0 =00, Pas. (4.24)

We first show that for ¢ € [1 — R,0] and j < 0, there is a constant C' > 0 such that on
the event K,

> (. (4.25)
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Recall that for i € [1 — R, 0] and j < 0, we have defined

. w(i, j)
wi (i, ) = (1 - Zi,r) -
7;) @) ZTSOW(Zar)
Now for i € [1 — R,0], we know that .., Z;,) can be arbitrarily close to 1. How-
ever, we assert it is bounded away from 1 on the coupling event K, where necessarily
Wi, Wo, ..., W, < % In fact, we assert that on this event, >°,..y Z(;,) is maximized when
Wi=---=W, = % One can check by induction that for a given 1 — R <1 <0,

> Zun =1- 110 = Zj,). (4.26)

r>0 r>0

Since all the Z(; ) are independent, the right side of (4.26) is maximized when they are all
as large as possible. On K, the largest they can get is when all the W; are equal to %, and
this yields a value less than 1, proving our assertion and giving us (4.25).

Let —M < 0. For 1 — R <14 <0, consider the (¢,z,y) excursion event &; ., where:
o If i # y, the walk hits y before returning to i or leaving (—oo, 0].

o After T}, the walk hits x without hitting ¢ more than once® in between and without

leaving (—o0, 0].

We say an (i,x,y) excursion event starts at time n if (X, X41,...) € & zy. Then the
number of such excursion events for any 7 is no more than 2N, ,. This is because each trip
from y to x can count toward at most two excursion events due to the requirement that
there be only one visit to 7 in between visiting y and z.4

0

Fix w=Y. For any ¢ < 0, the probability under P’ of any finite path that stays within

(—00,0] is fixed. On the event K (which is independent of w=" and therefore still has

311t is necessary to allow for the walk to hit i once on the way to x in case b > i and the only way to reach x
from y is through 4. For all other cases, we could require that the walk avoid ¢ between hitting y and hitting
x, but to avoid treating this case separately, we allow one visit to ¢ in all cases, at the cost of a factor of 2.
“4For example, if the walk goes from ¢ to y to i again to y again and then to z, then an excursion event
started at each of the times the walk was at i, but there was only one trip from to y to x.
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probability  conditioned on w=?), the probability under P! of such a path is bounded from

below due to (4.25). Therefore, on the event K, there exists a positive constant ¢ = ¢(w=°)

such that on K,
min_ P! (Eizy) > c. (4.27)

1-R<i<0

(For each ¢ consider a particular finite path that achieves &, ,, take ¢; to be a lower bound
for the probability under Pj,l of taking that path, then take ¢ to be the minimum of the ¢;.)

We have from (4.21) that on K, ES [Nu_rg > 35 E?,[No]. Taking conditional ex-

(k+1)

pectations, we almost surely have

E' B2 [Nu-ro)* |0=°] > B' | B2, [Ny_pg) 1 |w=]
1

25(k + 1)*
1

25(k +1)°

> E' [ES,[No) L | w™°]

E'[ED,INo°| P'(K)

:OO7

where the first equality comes from the fact that w=<°, K, and w, are all independent. Now

with probability 1,

OO:E, N[l RO}]

y
5 ( (X, e[l—RO]))S

- (Z > P (X, = z'>)

—Rn=1

<
o)
<
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Multiplying by ¢®, where ¢ is the constant from (4.27), will not change the fact that
the expression is infinite. And since ¢® depends only on w=’, it may be pulled inside of an

expectation conditioned on w=C. Therefore we almost surely have

i 0 0 $
o= B || X S emxa=i)) o
| \i=1-Rn=1
i 0 [e%) ) s
< F' Z Z P (X, = z’)PjJ1 (Eizy) w=o
| \i=1-Rn=1
S .
= El Z Ef)l [# {TL € N[) : (Xk)zozn ~ gi,ac,y}] WSO
| \i=1-R
S .
< F > E[2N.,]| |w™°
| \i=1-R
= (2R)*E' [ES, [Nay)*|w=]

Thus, B [E2, [Nay)*|w

SO} = oo with probability 1. This is (4.24), which suffices to prove

our claim, and with it our theorem. [

We now prove a slightly strengthened converse to Proposition 4.2.4.

Proposition 4.2.5. If 0 < s < k1, then there is an M > 0 such that for all x,y € Z with
y—x>M, Eg |ESIN, J°| < 0.

Proof. Let 0 < s < k. It suffices to find M such that for any a € Z,

Eg | E4[NG p)*] < o0. (4.28)
This is because for any z,y with y — 2z = M, (4.28) gives us

Lg {E;gc[N(l),M]s] < o0,

and then the shift-invariance of G gives us Eg {EB [N;’y]s} < oo. For y —x > M, we have
N, , < N, .\, which finishes the proof.
Let M > 1 and and fix a € Z. Suppose w is such that jumps to the left and right are

bounded by L and R, respectively, and the Markov chain is irreducible with almost-sure
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transience to the right (this is all true with Pg-probability 1). Then if the walk traverses
[0, M] from right to left n — 1 times, traversing the interval from right to left an nth time
will require visiting one of the sites M, ..., M 4+ L —1 and then backtracking past 0. Now if
there are at least n — 1 traversals of [0, M| from right to left, transience to the right implies
that up to a P%null set, there will be a next visit to [M, M + L — 1] after the (n — 1)st such
traversal. Let ¢ be the location of this visit if n — 1 such traversals occur; otherwise, let ¢ be
0 (this value does not matter). On the event that there are n — 1 traversals of [0, M] from

right to left,

P3(Ngas = n|€) = P(T<p < )

< max PMT(T.5 < o0). (4.29)
0<i<L-1

Taking conditional quenched expectations on both sides with respect to the event Ng,, >

n — 1 (and noting that the right hand side of (4.29) is constant with respect to w), we get

0M>n‘N0M>n—1)<0<nza<aLleM“(T< 0 < 00) (4.30)

Hence we have
Py 0M>") P 0M>” 1) P ( (SMZn‘NéMZn_l)
< PS(Nj = n) max P (Tep < o0).

0<i<L-1

From this, we can use induction to get

n—1
PS(Ngar > n) < ( max PYV(T. < oo)) :

0<i<L-1

Summing over all n > 1 gives us

1
ming<i<r—1 P (T<o = o0)

EG[Noul <

(4.31)
It therefore suffices to show that the right hand side has finite sth moment.
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Notice that by our assumptions on w, for any z > 0 and y > x, thereis a z in [y+1, y+ R]
such that P*(T<y = o0) > P%(T<y = oo). This is because if a walk from x is to avoid
backtracking to 0, it must enter [y 4+ 1,y + R] before backtracking to 0, and then continue
to avoid backtracking to 0. Thus, in every interval of length R to the right of 0, there is at
least one site z (which depends on w) such that P?(T<y = 00) > max;<;<g P’ (T<o = 00).

Call such a site an escape site, and let
E=Ew) :={x €[l,M]: xis an escape site}. (4.32)
Then for = > 0,

P*(T<y = 00) > P*(Te < Tep) max P’ (T<y = o0) + P*(Tg = T<y = 0)

1<i<R
= Fj(Te < Teo) max F(T<o = 00) + Fi(Te = To = 00) max F(T<o = o0)
= P (Te < T<o) nax, P (T<o = o).
Substituting this into (4.31) we get
1 1
E2[N) ] < . : .
sWNo] < ming<i<r—1 P TH(Te < T<p) maxicicp PL(T<o = 00)
1 1

= 4 . 4 4.33
1-— maXo<;<r—1 P“])WJFZ(TSO < Tg) maxj<i<Rr P‘Z‘}(TSO = OO) ( )

To show that this has finite sth moment for large enough M we will use Hoélder’s in-

equality. Choose s’ such that s < ¢ < k1, and let t = s‘fi/s. Thus, for any random variables
X and Y, where E[X!] < oo and E[Y*'] < oo, we will have E[(XY)?*] < co. We will show
that the second term of the right hand side of (4.33) has finite s’th moment, and that the
first term can have arbitrarily high finite moments for M sufficiently large, so that for large
enough M, the first term has finite {th moment.

By arguing along the lines of Claim 3.2.1.1, we see that the distribution of max;<;<r P’ (T, =

o) under Pg, is the distribution of max;<;<g P}(T<p = 00) under Pg. Recall from Lemma

4.2.3 that under Pg,, P%(T, = oo) ~ Beta(ky,d”). Now for Py, -a.e. environment w,
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PY(Ty = 00) < maxi<;<g PL(Ty = 00) by the Markov property, because X; € [1, R] P —a.s.
We may conclude that

/

Eg < Eg+

(PO(Tl—o@” <oo.  (434)

We now show that the first term of (4.33) has finite ¢th moment, provided M is chosen

1 S
(maX1<i<R Pi(T<o = oo))

large enough. Let A € [0, L — 1] be the maximizer in the denominator this term. That is,
M + A is the site within [M, M + L — 1] from which there is the highest probability of hitting
0 before hitting an escape site between 0 and M. For ¢ € [0, L —1], let w; be the environment
w, modified at sites other than M + i in [M, 00) so that the walk jumps from these sites to
M + i with probability 1 under w;. That is, for y > M, w;(y, M +i) = 1.

Now under w, a walk from any site to the right of [M, M + L—1] must enter [M, M+ L—1]
before hitting 0. By the strong Markov property, the site in [M, co) with the best probability
(under w) of hitting 0 strictly before £ is therefore A. Forcing the walk to jump from other
sites in [M, c0) to site A can only increase the probability that the walk hits 0 before £, by
Lemma A.0.2. Therefore,

Jnax Pi(Teg < Tp) = P (T<y < Te) < P (T < T).
From this we get

L—1
L < ! <> s ! ;
1-— maXop<;<r—1 PL‘])‘/I+Z(T§0 < Tg) PK+A(T5 S TSO) PM'H(Tg S TSO)

=0 ~ w;

(4.35)

and it suffices to show that each term in the sum has finite ¢th moment for large enough M.
Say that a set W C [1, M] is an escape-type set if W contains at least one element of
every interval of length R contained in [1, M]. Then &£ is an escape-type set. Now for each

escape-type set W, consider an environment w; - such that:
1. All sites y € W(w) are sinks: for all y € W, 2z € Z, w; w(y, 2) = Li—y);

2. Fory=1,...L -1, wyw(y,0) = X.<owi(y, 2) and for z < 0, wyw(y,2) = 0;
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3. For all z, w;w(0,2) = 1=y
4. All other transition probabilities are the same in w; y as in w;.

By construction, PM+(Tg < Teg) = PS (T = oo). Hence

Wi, g

1
: =E° [N]. 4.
Pu])\;["'Z(Tg S TSO) wi,s[ 0] ( 36)

We wish to show, with Tournier’s lemma, that this quantity has finite tth moment for
sufficiently large M. Since £ is random, w; ¢ is not a Dirichlet environment, because the set
£ of sink sites is random. Nevertheless, for a fixed M, there are finitely many possible escape
sets. Hence it suffices to show that for large enough M, ESLW[NO] has finite ¢th moment for
every escape-type set W. Note that sites outside of the set [0, M + i + R] are unreachable
from sites inside the set under w; . By the amalgamation property, the restriction of w; w
to [0, M + i + R]? is distributed as a Dirichlet environment on a graph G i, w with vertex

set [0, M + i + R] that looks like G on these vertices except that:

1. Directed edges from sites w € W are removed and replaced with one self-loop at each

such site;

2. For each y = 1,...L — 1, all directed edges from y to sites less than or equal to 0 are
replaced with one directed edge to 0 with the sum of their weights (in our illustration

we use multiple edges for visual clarity);
3. All directed edges from 0 are replaced with one directed edge to M + ¢;

4. All directed edges from each y € [M + L, M + i + R] are replaced with one edge to
M + 1.

When there is only one edge from a vertex, its weight does not matter—weight 1 is as good
as any. Figure 4.2 illustrates an example of a graph Gy ,; w. Any strongly connected set
S of vertices containing 0 must contain M + ¢ and a path from M + ¢ to 0, but cannot
contain any vertices in W. Dividing [0, M] into consecutive intervals of length m, (where

mo > max(L, R) is large enough that every interval of length my is strongly connected in
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Figure 4.2. An example of the graph Gy, w with L = 3, R = 2, M = 6,
i=1,and W = {2,3,5}.

G), we see that every such interval contains a vertex in S (because a path from M +1i to 0 in
G;w cannot jump over L vertices), and every such interval contains a vertex in W (because
such a vertex exists in every interval of length R). Hence, by the definition of mg, every
such interval must contain an edge from S to a vertex not in S. If M > gmy, so that [0, M]
contains at least ¢ disjoint intervals of length mg, and if € is the smallest weight any edge in
G has, then Bg > qe. Taking M sufficiently large raises this lower bound above t. Fix this
large M. Then Tournier’s lemma ensures that Eg,, ., [E0[No]"] < oo for all escape-type sets
W, which implies that Eg {Egiyw[No]t} < o0. Since M is fixed, there are finitely many such
W, so

< 00,

15 (B, (No)] < [; B, [N

where the sum is taken over all escape-type sets W. Now, by (4.36), each term of the sum
on the right hand side of (4.35) has finite tth moment, giving finite {th moment to the left
hand side. This is what we needed to complete the proof, as we may now apply Holder’s

inequality to (4.33) to see that Eg {Efj [N(’LM]S} < 00, which is precisely (4.28). O
We have now proven each part of Theorem 2.3.4, which we recall here:

Theorem (Theorem 2.3.4). Let k1 > 0, so that the walk is transient to the right. Then, if

s > 0, the following are equivalent:
(a) K1 > s.
(b) There is an M > 0 such that for all z,y € Z withy —x > M, Eg [Eg[Ng’w]s} < 00.

(c) There exist & <y € Z such that Eg [E°[N,,]*] < .
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Proof of Theorem 2.3.4.
(a) = (b) This is Proposition 4.2.5.
(b) = (c) This follows from the fact that N’ ;o > N_prp.
(¢) = (a) This is the contrapositive of Proposition 4.2.4 (2). O

4.2.3 Using ko and k; to characterize ballisticity

From Theorems 2.3.3 and 2.3.4, we can conclude that if s > kg, then Eg[E°[N)*] = oo
due to finite trapping effects, and that if s > ki, then Eg[E°[Ny]*] = oo due to large-scale
backtracking effects. On the other hand, if s < min(xg, x1), then neither effect, on its own, is
enough to cause Fg[E’[No]*] to be infinite. However, we must consider the possibility that
the two effects could “conspire together”; since the quenched probability of backtracking
and hitting 0 is not completely independent of the quenched probability of hitting 0 a large
number of times before exiting a small region. Nevertheless, we are able to show that there
is enough independence that this is not an issue; E°[Ny] indeed has finite moments up to the

minimum of kg and k1. In this subsection, we prove Theorem 2.3.5, which we now recall.

Theorem (Theorem 2.3.5). Assume r; > 0. Then Eg {(Eg[NO])S} < oo if and only if

s < min(kg, K1).
Before proving it, we begin with the following lemma.

Lemma 4.2.6. For any z > 0,

<oo & s <min(kg,d").

1
Eq _
PB<TZZ < T())S
Equivalently, Eg [Eg {Né_oo’z)r} = oo if and only if s < min(kg,d").

Proof. First, assume s < min(kg,d"). We will consider an integer —M < —R. For an
environment w, let j(w) be the vertex j in [1 — M, R — M] that maximizes P/ (Ty < T5.).

Consider an environment w’ such that:

L fori€fz—R,z—1], W (i,2) = X5, w(i,7) and for j > 2z, w'(i, ) = 0;
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2. zis a sink—for all z, W'(z,7) = Ly—;
3. all other transition probabilities are the same in w’ as in w.

By construction, P% (T, < o) = P%(Ty < T.) = P*(Ty < Ts.) for all z. We now modify

the environment further. For each 1 < /¢ < R, let wy be the environment such that
1. forie [-M — L+1,-M], W'(i,j) = L= for all j;
2. All other transition probabilities are the same in wy as in w'.

In particular, we are interested in wj(,). Because j(w) maximizes PJ(Ty < T5.) on [—M —
L + 1,—M], modifying sites in this set to send the walk directly to j(w) can only increase
the probability, from any starting point, that Ty < T, (see Lemma A.0.2 for details). Thus,

P) (Ty < Ts.) < PO(Ty < Ts.) = PY(Ty < Ts.).

Moreover, for Pg—a.e. w, we have Egj(w) [No] = m. It follows that
“iw)

1 0

_ < F Ny).

It suffices, therefore, to show that Eg[E,, )[No]*] < oo. We would like to use Tournier’s
lemma. Although wj(. is not distributed according to a Dirichlet distribution (since j(w)
is random), the amalgamation property implies that each w, is distributed as a Dirichlet
environment. In particular, the restriction of wy to [-M — L + 1,2]? is distributed as a

Dirichlet environment on a graph G, with vertices [—M —L+1, z] and the following properties:
1. each vertex in [—M — L + 1, —M] has one edge to ¢ with arbitrary weight, say 1;
2. vertices in [1 — M, z — R — 1] have the same edges with the same weights as in G;

3. vertices in [z — R, z — 1] have the same edges with the same weights as in G, except

that edges that would terminate to the right of z terminate at z;°

51As usual, if this would result in multiple edges, they are collapsed into one edge with the sum of their
weights, but we leave multiple edges in our illustration for clarity.
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4. z has one self-loop with arbitrary weight, say 1.

With probability 1, no vertices to the left of —M — L + 1 or to the right of z are reachable
from [—M, z|, so what happens at these vertices does not really matter. Figure 4.3 shows an

example of the graph G,.

Figure 4.3. An example of the graph G,, where L =2, R=3, 2=1, M =6,
and / =2 — M.

Moreover, since 1 — M < j(w) < R— M, we have ES_ [No] < Y75, ES [No]. Thus,

“i(w)

to show that Eg [M} < o0, it suffices to show that Eg[EJ [No]*| = Eg,[E2[Nol°] is

finite foreach 1 — M < ¢ < R— M.

We make the following claim.

Claim 4.2.6.1. If M is chosen large enough, G, will have the property that every finite,

strongly connected set S of vertices with 0 € S has S5 > min(d", ko).

The proof of this claim is very similar to the proof of Proposition 4.2.1, so we only sketch
it here, making special note of important similarities to and differences from the earlier proof.
Like G, the graph G, has the property that for any finite, strongly connected set set S of
vertices, if z < y are consecutive “non-insulated” vertices to the right of —M that differ
by more than mg, then (z,y) C S. The graph G, also has the property that every strongly
connected set S’ that contains mg or more consecutive vertices has total weight at least d™
exiting S’ to the right. However, because of how the graph is modified, there need not be
any weight exiting S’ to the left. We may therefore choose M large enough that every finite,
strongly connected set S containing 0 either (a) does not reach —M, in which case S looks
like a subset of G and g > kg, or (b) contains at least mg consecutive vertices in a row, in
which case Sg > d*, or (c¢) contains enough non-insulated vertices that s > min(d™, ko).

This completes the proof of the claim.
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Since we have assumed s < min(kg,d"), our claim gives us s < fg for all strongly
connected sets S containing 0, and therefore Tournier’s lemma tells us that Eg,[E°[No]*] <
0.

This finishes one direction of the lemma, and the only direction that is needed for the
rest of the paper. For the other direction, assume s > min(kg, d¥). If s > kg, then Theorem
2.3.3 implies Fg {Eg {Ng_M’O]r} = 00, which implies Eg {Eg {Né_oo’z)r} =o0. If s > dF,
then one can check that Eg {(Zi<z7j>zw(i,j)>_s = oo, and then arguments along the lines

of the last part of the proof of Proposition 4.2.4 give the desired result. O

We are now ready to prove Theorem 2.3.5, which gives us the final piece for our charac-

terization of ballisticity.

Proof of Theorem 2.3.5. The forward direction is implied by Theorem 2.3.3 and Theorem
2.3.4. For the reverse direction, let s < s’ < min(k1, r9). We want to show that Eg [E%[No]*] <
co. Since, for all w, E2[Ny] = m, we must examine the quantity P°(Tj = oo).

Let M = gmg be a positive multiple of my (we will later take ¢ to be large enough
to satisfy a given condition, but we will not take ¢ to infinity). For each 1 < j < ¢, let
B; = ((j — 1)myg, jmy], and define

fw(Bj) = mGB?}f?iSRPw(XTB; = ]mo + Z)

Since f,(B;) only depends on w7, the f,(B;) are i.i.d.

We will show that for some a,C' > 0, Pg(f,(B1) < €) < Ce®. For a given vertex z, let
w”® = min,,_,~ow(r,y). Since intervals of length my are strongly connected, there is a path
in G from every x € B to every mo—+1i, 1 < i < R, that uses only vertices in By, and each at
most once (since the existence of a path with loops implies the existence of a path without

loops). Therefore,
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Now for each =,

Pg (w® <e) < (R+ L) max Pg(w(x,y) <e¢)

oy—z>0

< Ce*

for some constant C' > 0, where a = min,, 4o o;. Now by [29, Lemma 9], there is some 7 such
that Pg([T,ep, w” < ¢) < C'e?(—Ine)" for all ¢ sufficiently small. Let a’ < a; then for large

enough C”, we have Pg(IT,ep, w® <€) < C"e?, and therefore Pg(f,(B;) < ) < C"e

Let M = mgq be large enough that a'q > t := SSIS. Since all the f,(B;) are iid., we

s/ —

have

P, ( max f.(B)) < 5) < (C"e ). (4.37)

0<j<q-

Now let j, be the maximizer of f,(B;) over 0 < j < ¢ — 1. By (4.37) and the choice of M,

(fw(;j*)>t

As in the proof of Proposition 4.2.5, we note that for any random variables X and Y, where

we have

Eg < 00. (4.38)

E[X'] < 0o and E[Y*'] < oo, we will have E[(XY)*] < oo by Holder’s inequality.
For Pg—a.e. environment w we have

P(To = 00) = P)(Tp,, < To)fu(Bj.) max PL™ " (T<jm, = 00).

This is because one way for the walk to never return to 0 is for it to hit B;, before returning
to 0, then once it is in B;,, to make its way to the vertex j,mo+1 just to the right of B;, that
maximizes the probability of never backtracking to j.mg, and then to avoid backtracking to

Jx«mg. Thus
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1 1

P,(Ty = o0) = PY(Ty, < Tp)fu(Bj)maxicicp PI™ " (Tejm, = 00)
S ] Ly=jy
;o PAU(Ts; < Tp) fu(Bj,) maxi<i<r PoJJmOH(TSjmo = 00)
1 a4 1 1
fo(B;.) ]Zl PY(Ty, < Tp) " maxi<i<p PI V(T = 00)

IN

(4.39)

Now for each fixed j, P(Ts, < Ty) and maxi<;<g P2™0+ (T}, = 00) are independent.
Under Pg, the reciprocal of the former has finite s'th moment by Lemma 4.2.6, since s’ <
min(kg, k1) < min(ko, d").

We show that the reciprocal of maxi<j<g PJ™ 7 (T<jm, = o) has finite s'th moment.
Under Py, its distribution is the same as that of max;<;<g P’ (T<o = 00), which (arguing
as in Claim 3.2.1.1) is also the distribution of max;<;<p P’ (Ty = 00) under Fg,. Now for

Py, —a.e. environment w, PY(T = 00) < max,<;<p P (T = o). Hence

1 1
Imo—+1 ,1 S Eg+ [H‘| .
i <icp PL™ T (Tejmy = 00) PO(Ty = o)

Eg (4.40)
Lemma 4.2.3 tells us that under Py, , PY(T, = c0) ~ Beta(k1,d"). Since s’ < ky, the right
side of (4.40) is finite by (1.1).

Returning now to (4.39), we have seen that the two fractions inside the sum are inde-
pendent and each have finite s'th moment. Thus, the entire sum has finite s'th moment. By

this and by (4.38), we may apply Holder’s inequality to get
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. 1 i 1 1 ’
= 9N Ju(Bi) \ & PUTs, < Tp) maxyep, PY(X, > B; for all n > 1)

s
=

“ 1 1 o
B .
G (j 1 PY(Ts, < Tpy) maxyep, Py(X,, > B; for all n > 1))

We are now able to completely characterize ballisticity.
Theorem (Theorem 2.3.6). The walk is ballistic if and only if min(ko, |k1]) > 1.

Proof of Theorem 2.3.6. By symmetry, we may assume x; > 0 without loss of generality.

Let s =1 in Theorem 2.3.5, and then apply Lemma 2.3.2. [
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5. ACCELERATION IN ONE DIMENSION

Recall from Chapter 2 that a Bouchet acceleration function on Z is a measurable function A
from the space Q7 of environments on Z to the space of distributions of R*-valued random
variables, where A(w) only depends the environment w within a finite distance from the
origin. For an environment w on Z, a point x € Z, and a Bouchet acceleration function
A, we let P 4 be the law of a continuous-time Markov chain that begins at x, moves in
a sequence of steps according to PZ, but with independent waiting times at each site y
distributed according to A(0Yw). Then we let Pg 4 := Py x P3 4. By Proposition 5.1.1,
there is a Pg’ —almost sure limiting speed v(A). The main theorem of this chapter is the

following.

Theorem (Theorem 2.4.1). Assume k1 # 0. Then Pg has essential slowing if and only if

’K,l’ < 1.

5.1 Redoing proofs with acceleration

We redo some of the work from Chapter 4 in the setting of accelerated random walks.

For a continuous-time walk X = (X;);>0 on a vertex set V with vertex z, N,(X) =
J5° 1x,—.dt is the amount of time the walk spends at site x. We likewise give N2, T, Ts
and so on definitions analogous to the discrete-time definitions, but with Ny replaced with
R=% etc. See Appendix C for details.

Recall that for a given Bouchet acceleration function A, a given environment w, and
a given x € Z, the measure P , is defined to be the law of a continuous-time random
walk whose path obeys the law P7, with independent wait times at each site y distributed
according to A(#¥w). Define P% := P x PZ 4, and let v(A) be the P%-a.s. limiting velocity
of the walk. We first show that it exists.

We prove a generalization of 4.1.1 for accelerated, transient RWRE on Z.

Proposition 5.1.1. Let A be a Bouchet acceleration function, and let M be such that A(w)
depends only on w=MMI " Let P be a probability measure on Qy satisfying (C1), (C2), (C3),
and (C4). Then the following hold:
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1. There is a PY—almost sure limiting velocity

X E% (X, — X
v(A) = lim =% = Al X~ ]

n=oo ¢ Ealtarge — Tasa]’

(5.1)

where the numerator is always finite, and the fraction is understood to be 0 if the

denominator is infinite.

2. lim, 00 % = v&), where ﬁ is understood to be oo if v(A) = 0.

The proof follows [35] in defining regeneration times (7)5,. Let 79 := 0, and for k > 1,

we define

Tk = min{t > 7,1 : X; > X, for all r < ¢, X; < X, for all r > t}. (5.2)

A crucial fact is that the sequences (X,, — X,

n

), and (T, — Tho1)92 a0 are stationary
and ergodic. Using these regeneration times, we are able to derive a formula for v(A), as
well as a characterization in terms of hitting times.

It is standard (see, for example, [35], [37]) to prove a LLN in (1) for the discrete-time
case (where we may take M = 0) by the following steps:

Xr,
k

(a) Show that approaches E[ X, — X |
(b) Show that “* approaches E[r; — 7]
(c) Show that E[X,, — X,] < o0

(d) Conclude that the limit (5.1) holds for the subsequence (%)k

(e) Use straightforward bounds that come from the definitions of the 7 to get the limit for

the entire sequence (%) .
n

T
H>z

Part (2) then follows from a comparison of with a subsequence of %

In the discrete-time case, the definition of the regeneration times is precisely set up so

that both the sequences (7, — Tx—1)k>2 and (X, — X, | )k>2 are i.i.d. sequences, so proving

Tk

the limits (a) and (b) is a matter of tracing how the i.i.d. feature follows from the definitions
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and applying the strong law of large numbers. In fact, arguing as in [35, Lemma 1], one can

show that the triples

Tn—Tn—1 T XT’n_l
fn = (Tn — Tn—1 (XTnfl-l-i - XTnfl)iZI ’ (W )x:XTn—l) (53)

are i.i.d. under P = P x PY for n > 2. In the continuous-time case, however, where the
definition is

§n = (Tn — Tn—1 (Xrn_ﬁ-r - XTn—1)DST§Tn—Tn—1 ) (wx)f:ﬂ}(_l ) ) (5'4)

™m—1

there is some dependence, because the quenched distributions of the jump times can depend

on the environment outside of [X X, — 1]. For the same reason, the sequence does not

a1
become stationary until n > M + 2, when the jumping times are guaranteed to only depend
on the environment at or to the right of X, . Nevertheless, the (£,)52 ), are still stationary
and ergodic under PY (and, in fact, finite-range dependence holds).

To show that the sequence (£,)22,,,, is stationary and ergodic under the measure P,
we generate a sequence (£5)°2, under the measure PY. This determines w=°, which is enough
to determine A(0*w) for every x > M. By expanding the probability space, we can then
generate random jumping times for each step to create a sequence (&,)52 ., , drawn according
to the measure P 4. Now given the sequence (£%)°,, the distribution of each &, depends only
on (&)ptM /. since this is enough to determine w* for every X, | — M < k < X,, + M,
which determines jump time distributions at each site k for X, 1 < k < X, . It follows
that (£,)52 5/ is stationary and ergodic.

Therefore, by Birkhoff’s ergodic theorem one may derive the same limits (a) and (b). The
finiteness in (c) relates only to the path of the walk, not to the time taken, and therefore
the proof is entirely unchanged from the proof given in Appendix A.Then (d) and (e) easily
follow.

The main result of this subsection is the following.

Proposition 5.1.2. Let P be a probability measure on Qy satisfying (C1), (C2), (C3), and
(C4). Let A be a Bouchet acceleration function. Then we have the following:
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1. If EY[No] < oo, then v(A) > 0.

2. If E°[Ny] < oo, then v > 0.

Jump to proof.
The second statement is a special case of the first. For the rest of this section, assume P
satisfies (C1), (C2), (C3), and (C4). We also use regeneration times to derive the following

lemma.

Lemma 5.1.3. For any a,c € Z,

lim — ZNk

T—r00 €T e ( )
If v(A) = 0, then the limit is infinity.

Proof. Recall that N,E*OO’I) is the amount of time the walk spends at & before 7%,. Then for

T > c,

T>:1:

= Z N o) | 1 ZNk o0:) (5.6)

r k=—o00
The first term approaches 0 almost surely by assumption (C4); hence, by Proposition 5.1.1

(2),

1z 1
1i Y/ e p— Y 5.7
wggox;c o(A) Ta s (5.7)

We note that Ny and N, ,§‘°°7”> differ only if the walk backtracks and visits k after reaching
[z,00). The sum, over all k < x, of these differences, is the total amount of time the walk
spends to the left of x after T%,, and it is bounded above by the time from 7%, to the next
regeneration time (defined as in (5.2)), which is in turn bounded above by 7j) — Tj@)-1
where J(z) is the (random) j such that 7;_; <75, < 7;. Hence

1:1:1 00.2) 1331 1331 00.2) 1
*ZNk <= ZN <- ZNk + 7o) — T (5:8)

113



Assume v(A) = 0. Then by (5.7), the left side of (5.8) approaches oo as x approaches
oo, and therefore so does the middle.

On the other hand, suppose v(A) > 0. By (5.1), Ea[mar42 — Tar41] < oo. Then by
Birkhoff’s ergodic theorem, ™ — E4[7ar42 — Targ1] < oo, which implies that === ap-

proaches 0. Since J(z) < z + 1, the term %[7’ J(z) — TJ(z)—1) approaches zero almost surely;

hence the Squeeze Theorem yields the desired result. O

Suppose for now that R = 1. Then, for almost every w, it is possible to define a bi-
infinite walk X = (X;)secr Whose “right halves” are distributed like random walks under w
with the acceleration function A. From each site a, run a walk according to the transition
probabilities and jump time probabilities given by w and A(w) until it reaches a + 1 (which
occurs in finite time PS 4—a.s. for P-a.e. w). Concatenating all of these walks almost surely
gives, up to a time shift!, a unique walk X = (X)scr such that for any z, if it is known that
X jumps to x at time ¢, then (X,)s>; is distributed according to P% 4*. We may think of X
as a walk from —oo to oo in the environment w with acceleration function A.

In fact, with a bit more work, we can define a similar bi-infinite walk in the general case
R > 0. Call the set of vertices ((k — 1)R, kR] the kth level of Z, and for x € Z, let [[x]|r
denote the level containing x. Let w be a given environment. From each point a € Z, run
a walk according to the transition probabilities and jump time probabilities given by w and
A until it reaches the next level (i.e., [[a + R]|g). This will happen Pj j-a.s. for P-a.e. w,
by transience to the right and because it is not possible to jump over a set of length R. Do
this independently at every point for every level. This gives what we’ll call a cascade: a set
of (almost surely finite) walks indexed by Z, where the walk indexed by a € Z starts at a
and ends upon reaching level [[a + R]]g. Then for almost every cascade, concatenating these
finite walks gives, for each point a, a right-infinite continuous-time walk X* = (X{);>¢. Let
P, 4 be the probability measure we have just described on the space of cascades, and let

E, 4, P4, and E 4 be correspondingly defined.

1Choose, for example, the time shift where Xy = 0 and where X, < 0 whenever ¢ < 0.

21In order for the bi-infinite walk to be indexed by all real numbers, it must be true that the sum over all
x > 0 of the time it takes for the walk started at = to hit x 4 1 is infinite, and that the same sum over all
x < 0 is also infinite. It is not hard to see that this is true with probability 1 for P-a.e. environment.
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It is crucial to note that by the strong Markov property, the law of X under P, 4 is
the same as the law of X under FJ 4, which also implies that the law of X under P4 is the
same as the law of X under P¢%.

For each x € 7Z, let the “coalescence event” C,, be the event that all the walks from level

[z — R]]r first hit level [[z]]r at z. On the event C,, we say a coalescence occurs at .

Lemma 5.1.4. Let & be the event that all the X are transient to the right, that all steps to
the left and right are bounded by L and R, respectively, and that infinitely many coalescences
occur to the left and to the right of 0. Then P4(&) = 1.

Proof. Boundedness of steps has probability 1 by assumption (C3), and by assumption (C4),
all the walks X® are transient to the right with probability 1. Now for £ > 2 and x € Z, let
Cyr be the event that all the walks from level [[x — R]|g first hit level [[z]]r at z without
ever having reached [[z — kR]|g. Choose k large enough that P4(Cpx) > 0; then and under
the law E, the events {Cpxr i nez are all independent and have equal, positive probability.
Thus, infinitely many of them will occur in both directions, P 4-a.s. By definition, C, , C Cj,

and so infinitely many of the events C, occur in both directions, P4—a.s. [

Assume the environment and cascade are in the event &. Let (z)kez be the locations of
coalescence events (with zy the smallest non-negative x such that C, occurs). By definition
of the xy, for every k and for every a to the left of [[z4]]r, Tijw..(X?) = T4, (X?*) < 00. Now
for j < k, it necessarily holds that z; is to the left of [[x}]]r, since there can be only one
xy per level. Define v(j, k) := T, (X*). By definition of the walks X*, we have for j < k,
t>0,

X

tHu(Gk) = Xk (5.9)

From this one can easily check that the v(j, k) are additive; that is, for j < k < ¢, we have
v(j,0) = v(j, k) + v(k,¢). We note that for fixed j, v(j, k) is increasing in k, because for
j <k < ¢, the walk X7 must hit [[x;]] before it can hit [[x]]g.
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v(j,0) = T, (X*) (5.10)
=inf{t >0: X" = 1} (5.11)
=v(j,k) +inf{t >0: X7, =2} (5.12)
= v(j, k) + inf{t > 0: X7 = 2} (5.13)
= v(j, k) + T, (X (5.14)
= v(j, k) + vk, 0) (5.15)

Moreover, with probability 1, lim; , o v(7,0) = oo and limy_,o, v(0,k) = oco.  This is
because the bi-infinite walk visits each level at least once. For some ¢ > 0 and § > 0, there
is positive probability p > 0 that for all ¢ in a given level (e.g. 1 < i < R), under the
measure Pi 4, the time to first jump is at least & with probability > §. Becasue the A(6'w)
are stationary and ergodic under P, there are infinitely many levels in both directions where
this is the case, and in each of those levels the bi-infinite walk independently spends at least
¢ units of time with P, 4-probability at least 6. Thus, there are P4—a.s. infinitely many
levels to the left and right of 0 where the bi-infinite walk spends at least € units of time, and
thus infinitely many j in both directions such that v(j,j+1) > e. Let & be the subset of &
where this is also true, and assume the event £]. Because all the X** agree with each other
in the sense of (5.9), we may define a single, bi-infinite walk X = (X);cr that agrees with
all of the X®. For t > 0, let X; = X;°. For t < 0, choose j < 0 such that v(j,0) > |t|, and
let X; = Xf(jj’o)_| - This definition is independent of the choice of j, because if j < k£ < 0,
then by (5.9) and the additivity of the v(j, k), we have

X601 = Xolimy o011 = Xuleo)-1o- (5.16)
We may then define N, := [°0 I+,_,dt to be the amount of time the walk X spends at z.
Thus, N, = lim, ;. N, (X%).

Lemma 5.1.5. Both of the sequences (X*)aez and (N)zez are stationary and ergodic.
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Proof. For a given environment, the cascade that defines X may be generated by a (count-
able) family U = (Up), cy ez of ii.d. uniform random variables on [0,1]. For such a

n

collection, and an a € Z, let U* be the projection (U?) Given an environment w, the

neN’

finite walk from a to level [[a + R]]gr may be generated using the first several U?. Let
&7 = (w®,UT), and & = (&%),ez. Define the left shift by (&) := (0" )yez. Then (67)4ez
is an i.i.d. sequence. We have X? = X°(&) and X = X°(§*%). Similarly, Ny = No(&) and
N, = No(0%%). So it suffices to show that X° and N, are measurable.

The measurability of X° is obvious. For Ny, let Ay, g, be the event that:

(a) a coalescence event C,j (as defined in the proof of Lemma 5.1.4) occurs with —B <

r— kR < x <0, so that X agrees with X to the right of x;

(b) N(ng’B](X‘”) > s, where N(ng’B] is the amount of time the walk spends at = before

exiting [— B, B]; and
(c) none of the walks from sites a € [—B, B] uses more than r of the random variables U?.

This is the event that N is seen to be at least s by looking only within [— B, B] and only at
the first r uniform random variables at each site. The event Ay s g, is measurable, because
it is a measurable function of finitely many random variables, and the event {N, > s} is
simply the union over all r, then over all B, and then over all k of these events. Thus, N

is measurable. OJ

We now give the connection between Ny and the limiting velocity v(.A).

Lemma 5.1.6. v(A) = JEA[lﬁo]' Consequently, the walk is ballistic if and only if E4[No] < co.

We note that a similar formula for the limiting speed in the ballistic case can be obtained
from [36, Theorem 6.12] for discrete-time RWRE on a strip, although the probabilistic in-
terpretation is less explicit, and an ellipticity assumption that does not hold for Dirichlet

RWRE is required.

Proof. By Birkhoft’s Ergodic theorem, for any ¢ € Z we have

—
lim - > Ny =E4[Ng|, P4—as. (5.17)
k=c
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Fix a € Z. For large enough k, Ny(X*) = N}. We therefore get

1& _
Jim - > Ni(X?) = E4[No|, Ps — ass. (5.18)
k=c
It follows that
1& _
lim - > Ni(X) =E4[Nog|, P4 — as. (5.19)
k=c
By Lemma 5.1.3, we get v(A) = EA[lﬁo]' O

We know that lim, ., No(X™%) = Ng. We'd like take expectations on both sides and

interchange the limit with expectations to get

lim E4[No(X )] = E[No]. (5.20)

T—00

We can do this under the assumption that E%[Ny] is finite.

Lemma 5.1.7. Assume EY[Ny| is finite. Then

lim E4[No(X )] = E4[No]. (5.21)

T—00

Proof. Note that lim,_,o, No(X~%) = Ny, P4—a.s. We wish to apply the dominated conver-
gence theorem, and we note that No(X ") < max;_g<.<o No(X?) for all x > R. To see that

the latter has finite expectation, we have
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E,| max NO(XZ)} < 3 B [No(X?) (5.22)

1-R<z<0

E [Ey a[No(X7)]] (5.23)

- 3 B[] (5.21)

z R

= Y E [P 4Ty < 00) B 4[No]] (5.25)
z R )

< Y E[ES AN (5.26)
z R )

= REY[No] (5.27)

< 00 (5.28)

Now, applying the dominated convergence theorem gives us

Jim B3N] = lim E*[No] (5.29)
= lim EA[No(X ™) (5.30)

_E, [ lim NO(X"”)} (5.31)

= E4[No] (5.32)

]

We now have all the components of Proposition 5.1.2.

Proof of Proposition 5.1.2. (1) We claim that E4[No] < E%[No]. If EY[No] = oo, this claim
is trivial. Otherwise, apply Lemma 5.1.7 along with the fact that E;*[Ny] < EY%[No].
Now if EY[Ng] < oo, it follows that E4[Ng| < co. By Lemma 5.1.6, this means v(.A) > 0.

(2) is just (1) applied to the discrete-time case (see Remark 2.4.1 on page 41). O
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5.2 Proof of main acceleration theorem

We now prove the main theorem of this chapter.

Theorem 5.2.1 (Theorem 2.4.1). Assume k1 # 0. Then Pg has essential slowing if and

only if |k < 1.

Proof of Theorem 2.4.1. Assume without loss of generality that x; > 0. We will first show
that if k; > 1, then there exists a Bouchet acceleration function A4 such that v(A) > 0.
Assume #; > 1. Recall from Proposition 5.1.2 (1), that if Eg 4[No] < oo, then v(A) > 0,
where N, = [5° 1x,—.dt is the amount of time the walk spends at z. We will construct a
Bouchet acceleration function A such that v(A) > 0. Recall that for z < y, N, is the
number of backward trips from [y, 00) to (—oo, z]. Choose M large enough that E[N ), +
No.ar) < 0o (This can be done by Proposition 4.2.5). Recall also that for a set S C Z, and
for z € S, we have defined N to be the amount of time a walk spends at z before leaving
S for the first time. For any environment w, let A(w) be the distribution of any positive

1

random variable with mean 4., = . In this case, we have

B [N(g—M,M]}
B 4[No] = EQ[No] prac (5.33)
excursions
= B9 [Ny M) B |1+ # {to M, M]C}] ) (5.34)
and back to 0
excursions
= E° 1+#{t0 [—M, M]CH (5.35)
and back to 0
< 1+ BJIN” yr0 + Nyl (5.36)

Taking expectations with respect to Fg on both sides gives us ]Eg’ 4lNo] < 00. By Propo-
sition 5.1.2 (1), v(.A) > 0 for this A.

Next, we show that if k1 < 1, then v(A) = 0 for any Bouchet acceleration function .A.
Assume x; < 1, and let A be a Bouchet acceleration function that depends only on the

environment w on [—M, M]. We wish to show that v(A) = 0.
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This part of the proof makes use of the constructions in Section 5.1. We let the “space
of cascades” and the measures and random variables on that space be as defined there. By
Lemma 5.1.6, v(A) =0 if Eg 4 {WO} = 0.

Now the distribution of the jump time at the site —M — R is A(6~~%w), which depends
only on ws—F,

For z < y, let N, be the number of trips from y to z that the walk X takes. In other
words, N,y = lim,,_oo N, Now let T|1_p ) be the first time the walk X hits [1— R, 0], and
let A = YT[l—R,O] be the location where X first hits [1 — R,0]. Then N_p_pa = N%y 5 4.

We have

Eya [N—M—R} = E, :N—M—R} HA(9—M~Ry) (5.37)
> B [Nosr-ra) ag-v-ro (5.38)
= B, {NfoR,A} A0~ Ryy) (5.39)
> E, :NSM—R,OH{A=O}} HA(0—M~Ru) (5.40)
= B, :NEM—R,O} Po(A = 0)pap-1-ry) (5.41)
= B} [N-m-ro) Po(A = 0)piag-v-ry), (5.42)

where (5.41) comes from the fact that under P,,, A depends only on the finite walks starting
from y for y < —R, while X° depends only on finite walks starting from sites y > 0. Now
the terms P,(A = 0) and p4(p-s-r,, in (5.42) are determined by w="*. Taking conditional

expectations on both sides therefore gives us, with probability 1,
Eg |Ewa [N-y-r] | 07| > Eg [ESIN o] |w= 7] Pu(A = 0)prag-r-ra) (5.43)
Claim 4.2.4.1 from the proof of Proposition 4.2.4 gives us

Eg |ESIN-y-rol |w= ] = 00, Pg—a.s. (5.44)
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Hence the right hand side of (5.43) is infinite, Pg—a.s. Taking expectation with respect to
Pg in (5.43), we get Eg 4 [W_M_R] = oo. By stationarity of the {N,}.ez, it follows that
Eg 4 {NO} = 00, and by Lemma 5.1.6, v(A) = 0. N
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6. OPEN QUESTIONS

The purpose of this chapter is to gather open questions and conjectures that are presented

throughout this thesis.

6.1 Questions and conjectures about directional transience

The first conjecture says that a positive annealed probability of transience in one direction

¢ implies positive annealed probability of transience in all directions in a neighborhood of /.

Conjecture (Conjecture 2.2.3). Let PY be the law of an i.i.d. RWRE on Z%, and let S%~*
be the set of a unit vectors in RY. Then for all ¢ € S, if P°(A,) > 0, then there exsts a
neighborhood U C S*1 such that P°(Ay) > 0 for all ¢/ € U.

We defined A9 to be be the event that lim,, ., X, - £ = oo, but there is no neighborhood
U € S9! containing ¢ such that for all # € U, lim,,_,oc X,, - ¢ = co. This allows us to restate

the above conjecture in a simple way.

Conjecture (Conjecture 2.2.3). Let P? be the law of an i.i.d. RWRE on Z%. Then for all
(e S PY(AY) = 0.

It also allows us to strengthen the conjecture.

Conjecture (Conjecture 3.4.1). Let P° be the law of an ii.d. RWRE on Z%. Then
PO (Ugesi1 A7) = 0.

We proved Conjecture 2.2.3 for RWDE with bounded jumps, but Conjecture 3.4.1 remains

open even for nearest-neighbor RWDE on all Z¢, d > 2.

6.2 Questions and conjectures about ballisticity

To prove Theorem 2.3.6, we showed first that kg < 1 implies that the limiting speed is
0 due to finite trapping, and second that x; < 1 implies that the limiting speed is 0 due to
large-scale backtracking. It was then necessary to show that if neither effect on its own is

strong enough to cause zero speed, then the two effects are independent enough that they
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cannot combine to cause zero speed, and thus that the walk is ballistic. Having shown this
in the case of RWDE, we ask whether it is true for all RWRE on Z with bounded jumps.
Recall Equation 2.1, which is true for every environment w on Z and every M > 0.
0 0 [ = MMIT 0 Times exiting [—M, M]H
Eu[No] = B, [NO } E [# {and then returning to 0 J |~ (2.1)

If each of the terms on the right has finite expectation, we ask whether the product has

finite expectation.

Question (Question 2.3.1). Let P be a probability measure on Qg satisfying (C1), (C2),
(C3), and (C4), under which both terms on the right of (2.1) have finite expectation for all

‘ , 0 T rrl=M,M] 0 Times exiting [—M, M]}H
M ; that is, E [Ew [NO H < oo and E [Ew [# {cmd then returning to 0 < 00. Does

it necessarily follow that E°[Ny| = E[E°[Ny]] < oo (and thus that the walk is ballistic)?

We now ask another question about Equation 2.1, which we have not asked in the body

of the thesis.

Question 6.2.1. Let P be a probability measure on Sy satisfying (C1), (C2), (C3), and
(C4). If there is some M for which each term on the right side of Equation 2.1 has finite

expectation under P, is it necessarily true that each of these terms has finite expectation for

all M ?

A well known conjecture in d-dimensional RWRE states that under a uniform ellipticity
assumption, directional transience implies ballisticity. Sabot and Tournier in [15] suggest
a related conjecture that applies to all RWRE, uniformly elliptic or not. Our concept of

“essential slowing” allows us to formally state this conjecture.

Conjecture (Conjecture 2.4.2). For irreducible, iid, directionally transient RWRE in d > 2,
essential slowing is impossible. That is, there always exists a Bouchet acceleration function

A such that v(A) # 0.

The concept of essential slowing also allows us to ask a question related to Question 2.4.1,

but for d-dimensional RWRE.
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Question (Question 2.4.1). Let P be a probability measure on Qyza satisfying (C1), (C2),

and (C8), nd suppose there is an almost-sure limiting direction. Suppose essential slowing

. e _ d
Times exiting ['M, M| < oo for all M. Does
and then returning to 0

it necessarily follow that the walk is ballistic?

does not occur, and also that E [EB [#

In Proposition 4.2.1, we gave an algorithm to compute k¢ given L, R, and the «;. We
also know that given the set N, kg is an elementary function (a minimum of finitely many

positive integer combinations) of the «;.

Question 6.2.2. Find an algorithm to compute, given N, the formula for ko as an elemen-

tary function of the «;.
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A. AUXILIARY RESULTS

This appendix contains some proofs of minor results in order to save space in the body of

the paper. The first is a weak 0-1 law.

Theorem (Kalikow’s 0-1 Law). Let P be the annealed measure of a RWRE on Z2 satisfying
assumptions (C1), (C2), and (C3). Then for every £ € S4=1 PY(A, U A_,) € {0,1}.

A rudimentary version of the theorem for two dimensions, using a uniform ellipticity
assumption and assuming ¢ = (0, 1), was first given by Kalikow in [30]. Improvements were
made in [37] (allowing general d and general ¢) and [23] (removing the uniform ellipticity
assumption), but the overall structure of the argument has changed very little. The proof
in [23] does not use the nearest-neighbor assumption, except in a lemma that we now state

and re-prove using the same ideas but without the nearest-neighbor assumption.

Lemma A.0.1. Let PO be the annealed measure of a RWRE on Z% satisfying assumptions
(C1), (C2), and (C3). Then for every { € S41 and a < b € R,

PU(#{n>0:X, {>a} =00TS =00)=0. (A.1)

Proof. Observe that on the event #{n > 0: X,, - ¢ > a} = oo, it is either the case that for
some y with a < y-¢ < b, X,, = y infinitely often, or that X, hits infinitely many vertices in
the slab {a < z- ¢ < b}. It therefore suffices to show that the intersection of each of these
events with the event Tﬁb = oo has probability 0.

First, fix y with a < y- ¢ < b. By the irreducibility assumption (C2), PY(T%, < T,) >0
for almost every w. For such an w, the strong Markov property implies that the quenched
probability of hitting y at least n times before T%, is no more than PY(T, < T%,) !, which
approaches 0 as n — oco. Thus, the (quenched or annealed) probability of hitting y infinitely
many times without ever reaching the half-space {x - £ > b} is 0. Summing over countably
many y still gives a probability of 0.

Now consider the event that infinitely many points in {a < z - ¢ < b} are hit. By

assumption (C2), each of these points x has a possible path (in the notation introduced in
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the proof of Theorem 2.1.1) to {x - £ > b}. By shift-invariance, there is some N > 0 and
e > 0 such that each z in {a < z-¢ < b} has a possible path of length no more than
N and with annealed probability at least €. Thus, in order to hit infinitely many points
in {a < x-/¢ < b}, the walk must hit the vertex sets of infinitely many disjoint paths to
{z - ¢ > b}, each of which has length no more than N and annealed probability at least .
Now by the i.i.d. assumption (C1), each time the walk hits an unexplored vertex set of such
a path, its probability, conditioned on its entire past, of immediately taking (the rest of)
that path is at least . The probability of hitting vertex sets of n unique such paths before
hitting {z - £ > b} is therefore no more than (1 — &)"!, which approaches 0 as n — oo.
Thus, the annealed probability of hitting the vertex sets of infinitely many disjoint paths to
{z - € > b}, each with length no more than N and annealed probability at least €, without
ever reaching {x - ¢ > b}, is 0. Since these paths have no more than N vertices in them,
hitting infinitely many sites in {a < z - ¢ < b} requires hitting the disjoint vertex sets of
infinitely many such paths, and therefore the annealed probability of hitting infinitely many
sites in {a < x - £ < b} without ever reaching {z - ¢ > b} is 0. This gives us (A.1). O

We outline a proof of Proposition 4.1.1.
Recall that we have defined 79 := 0, and for £k > 1, 7% := min{n > 7 : X, >

X; forall j <n, X, <X forall j >n}. The proposition we are to prove is the following.

Proposition (Proposition 4.1.1). Let P be a probability measure on Sz satisfying (C1),
(C2), and (C3). Then the following hold:

1. There is a P'~almost sure limiting velocity

Xn _ EO[XTQ - Xﬁ]
n=oo n  EO[my — 7]

(A.2)

where the numerator is always finite, and the fraction is understood to be 0 if the

denominator is infinite.

2. limy, e Lo 1 here % is understood to be oo if v = 0.

x v’

As we mentioned after the statement of the proposition, the recurrent case is handled by

[34] (with slight modifications). Therefore, we may assume the walk is transient to the right
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almost surely. It is standard (see, for example, [35], [37]) to prove a LLN like (A.2) under

an assumption of directional transience by the following steps:

(a) Show that % approaches E°[ X, — X,,]

(b) Show that Z& approaches E°[r, — 7]

(c) Show that E°[X,, — X,,] < co

(d) Conclude that the limit (A.2) holds for the subsequence (%)k

(e) Use straightforward bounds that come from the definitions of the 7 to get the limit for

the entire sequence (%) .
n

Part (2) then follows from a comparison of 7— with a subsequence of %

The definition of the regeneration times ;s precisely set up so that both the sequences
(Tk — Th—1)k>2 and (X, — X, )k>2 are i.1.d. sequences, so proving the limits (a) and (b) is a
matter of tracing how the i.i.d. feature follows from the definitions and applying the strong
law of large numbers. In fact, arguing as in [35, Lemma 1], one can show that the triples

gn = (Tn — Tn—1 , (XTn—l-i-i - XTn—l);—iITn_l ’ (wx)mX:”S(_l )

Tn—1

are i.i.d. under P = P x P? for n > 2.
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We show the finiteness in (c) using arguments along the lines of those in [38, Lemma

3.2.5].1 For z > 0, let B, be the event that for some k, X,, € [zR, (2 + 1)R). Then

P’(B.) = E [P)(B.)]
R—-1 '
2B Z Pg(T[ZR’(ZH)R) =zR+ i)PjRH(TQRH = oo)]
1=0
R-1 4
=2 F {Pg(ﬂzR,(z’—l-l)R) = 2R+ i) PR (T gy = oo)}
=0
R-1

(T[zR7(z+1)R) =zR+ i)P2R+i(T<zR+i = 00)

I
g
<

=

0

I
~
—~ o]

Ty = 00), (A.3)

<zR >zR+1i
)

where the second to last equality comes from the fact that w is independent of w=

and the last comes from translation invariance and the fact that T,z .41)r) < 00 P’-a.s. On
the other hand, let B? be the event that for some k > 2, X, € [2R,(z + 1)R). Then since

lim, o, P°(X,, > 2R) = 0, we have

liminf P°(B,) = lim inf P°(B?).

Z—00

= lim inf ; PO (Bg, X, = y)

- nzrgiogf;]?o (Fk>2:X, —X,, €[z2R—y,(z+1)R—y), Xn =)
y=

= lizn_1>£101fZIP’0 (X, =y)PPBk>2: X, — X, €[zR—y,(z+ 1R —y))

y>1

> liminf ) P (X, =y)P" (I >2: X, — X, =2R).

y=1
But recall that by the renewal theorem (and by our irreducibility assumption (C2)),

1
B [E0 [X’T'Q - XTl] 7

lim P°(Fk>2: X, — X, =2R)

11Because we have assumed almost-sure transience to the right, the measure Q introduced there is unnec-
essary. Another difference is that in our model, transience to the right does not imply that every vertex to
the right of the origin is hit. So instead of studying the probability, for a given x, that a regeneration occurs
at site x, we focus on the probability that the regeneration occurs on a given interval of length R.
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and hence, by dominated convergence,

. Z >1 P° (XT = y) 1
lim P°(B,) = == ! = ) A4
Zggo ( ) [E0 [XTz - XTl] [0 [XTz - Xﬁ] ( )

Comparing (A.3) and (A.4), we conclude that

1
E X, —X,]<——— :
[ 2 1]_PO(T<0:OO) < 00
This gives us the finiteness in (c¢), and (d) and (e) easily follow.

We now prove a lemma that is used to justify arguments where we replace transition

probabilities at a particular site z with an almost-sure jump to another site y.

Lemma A.0.2. Consider an environment w on a finite or countable vertex set V. Assume
the Markov chain is irreducible under w. Let A and B be disjoint finite subsets of V', with
A nonempty. Now let v € V—AUB andy € V — B, with PY(T4 < Tg) > P*(Ta < T5).
Suppose W' is an environment that agrees with w at all sites other than x but has w'(z,y) = 1.

Then for all z € V, P%(Ty < Tg) > P2(T4 < Tg)

Proof. We first assume that V' is finite. For z € V| let fy(2) = P?(Ta < Tg). Then, for

1 > 1, define

>wey Wz, w) fii(w) z2¢ AUB
fi(z) :==140 z€B
1 z€ A
Now for z # z, fi(z) = fo(z), since f is harmonic with respect to w. On the other
hand, fi(z) = fo(y) > fo(x). Thus, fi(z) > fo(z) for all z. A straightforward induction
now shows that for all z € V, the sequence (f;(z)) is increasing and bounded. Hence
f(2) :=lim; . fi(2) exists, and f(z) > fo(z) for all z.
We will have completed the proof if we can show that f(z) = P% (T4 < Tg). One can
easily check that f is w’-harmonic on V' — AU B, identically 1 on A, and identically 0 on B.
The function z — PZ% (T4 < Tg) has these same properties, and by the maximum principle

there is only one such function.
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Now suppose V is infinite, and let zy € V. Take any finite subset S C V containing A,

B, x, y, and zy, and take one “sink” vertex d not in S. For z,w € S, define w,(z,w) :=

P:(Ts < 00, X7, = w), and w.(2,0) = P*(Ts = 00). Define ('), similarly. Then for all
z €S,

Pi(Ty <Tp) =P (Ta <Tg). (A.5)

To see this, it is straightforward to check that z — P*(Tx < Tp) is harmonic with respect
to w, on S — {A U B}, identically 1 on A, and identically 0 on B U {Jd}. The function

2z — P? (T4 < Tp) has these same properties, and there is only one such function. Similarly,

P2(Ta < Tp) = Pl (Ta < Tp). (A.6)

We want to show that (w'). has the same properties relative to w, that w’ has relative to
w, so that we may apply the conclusion from the finite case with (w,)" := (w’).. That is, we
need to show that

(a) For z # x, and w € S U {0}, we have (W').(z,w) = w.(z, w).

(b) (W)«(2,y) = 1.

The statement (b) comes from the fact that «'(z,y) = 1. The statement (a) says that
P%(Ts < oo, X, =w) = P*(Ts < oo, X7, = w). This is true because these probabilities do
not depend on the environment at x, and w = W’ everywhere else.

We may now apply the finite case to the measures w, and (w')., concluding that Pg, (T <
Tp) > P(Ta < Tp). By (A.5) and (A.6), we get P?(Ta <Tp) > P°(T4 < Tp). Since z

was arbitrary, this is enough to conclude the argument. [
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B. CALCULATING &y

In the body of the paper, we gave an algorithm to compute kg, but this algorithm grows
in complexity with the smallest positive «;. Here, we prove Proposition 4.2.2, which asserts
that given an underlying directed graph, kg is a minimum of finitely many positive integer
combinations of the «;. Although we do not have a general algorithm to find the formula, we
give several examples where we are able to do so. These examples exhibit various important
features that sets S attaining Sg = ko may have. We also prove Proposition B.0.2, showing

that kg and k1 are unrestricted by each other. We begin with the following lemma.

Lemma B.0.1. Let T C N¥ be a set of ordered k-tuples of positive integers. Let = be the
natural partial ordering on N*_ (ny, ... ,ng) 2 (n,...,n}) if n; <nl for alli. Then there is

a finite subset T* C T such that for all x € T, there is an x* € T* such that x* < x.

Proof. We prove this by induction on k. The base case k£ = 1 is trivial; a 1-tuple is sim-
ply a positive integer, and we can let T* := {minT}. Now suppose the result is true for
all subsets of N*, and let T C N**L Now let T := {(nq,...,n%) : (n1,..., ", N1 €
T for some ny,; € N} be the projection of T onto N¥, and for n € N define T(n) :=
{(n1,...,ng) : (n1,...,nE,n) € T} Thus, T =2, T(n). Now by the inductive hypothesis,
there is a finite set 7° C T such that every element of 7 is greater than some element of T™.
Since T* is finite, T* C UY_, T(n) for some N. Applying the inductive hypothesis to each
T (n) gives us sets T"(n) such that for all x € T(n), there is a x* € T"(n) such that x* < x.

Now define T* := U_{(n1,...,ne,n) : (n1,...,n,) € T°(n)}. It is easy to see that
this is a finite subset of T. Now suppose (ni,...,nk, nkr1) € T. Suppose ngy1 < N. Then
(n1,...,ng) € T(ng41), so there exists (nf,...,n5) € T (ngy1) with nf < n; for 1 <i < k.
Since (nj,...,n}, ngy1) € T, we are done.

On the other hand, suppose ngy1 > N. Then since (ny,...,n;) € 7T, there exists
(ny,...,ny) € T° such that nf < n; for all i = 1,...,k. Now (nj,...,n;) € T(n) for
some n < N < ngy;. Hence there exists (nj*,...,n;") € T"(n) such that n* < n} for all

1 <i<k. Thus (nj*,...,n",n) € T* with nj* <n,; for 1 <i <k, and n < ngyq. O
We are now able to prove Proposition 4.2.2.
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Proof of Proposition 4.2.2. For any finite set S C Z, s is a sum of weights of edges exiting
. The weight of each edge is «; for some ¢, and each «; must be included at least once, as

the weight of an edge exiting either the rightmost or leftmost point of S. Thus,

R
Bs = Z TiQ;

i=—L

where z; = 2;(S) ==#{z € S :z2+i ¢ S} > 1.
Now let T C N be the set of ordered tuples (y_r,...,yr) such that there is some
finite set S with z;(S) = y; for all =L <i < R. Thus,

mf{z yiay - (Y- L,...,yR)E‘T}.

i=—L

Applying Lemma B.0.1, we get a finite set T* C T such that for any S, thereisa (y_r,...,yr) €
T* with y; < 2;(9) for all =L <i < R. Thus,

mm{Zyzaz. yL,...,yR)e‘J'*}. (B.1)
i=—1L

This is a minimum of finitely many positive integer combinations of the «. [

We now give examples where we can find the formula for ky. Recall that kg := inf{Ss :
S C Z finite, strongly connected}, where (g is the sum of edge weights leaving the set S.
By shift invariance of the graph G, it suffices to consider sets S whose leftmost point is 0.

We already showed in Claim 4.2.1.1 that k9 < d; + d~. We can also give a general
lower bound: kg > ¢™ + ¢~. This is because any strongly connected set will have weight at
least ¢ exiting from the rightmost point and weight at least ¢~ exiting from the leftmost
point. Therefore, every strongly connected set S has Ss > ¢t + ¢, and taking the infimum

preserves the inequality. So we have the bounds
e <k <d +d. (B.2)
Example B.0.1. L=R=1.
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In this case, d* = ¢ = a1, and d- = ¢ = a_1, so (B.2) immediately implies ko =
a1+ a_1. This can also be seen by noting that the only strongly connected sets are intervals,

which all have the same exit weight.

Example B.0.2. o > 0.

In this case, {0} is already a strongly connected set, so (B.2) gives kg = fjo} = ¢ + ¢

Example B.0.3. L=2 R=3,a; =0fori=—1,...,2.

In this case, we also have kg = d*+d~. Let S be a strongly connected finite set of vertices
with left endpoint 0. Then S contains 3, since there must be a vertex reachable from 0 in
one step, and by assumption there are no vertices to the left of 0. Also, S contains 2, since
0 must be reachable in one step from a vertex in S. Likewise, 2 must then also be reachable,
and since —1 ¢ S, S must contain 4 as well. Now since a vertex must be reachable from 3,
S must contain either 1 or 6. Suppose S contains 1. Then S contains [0,4], which has exit
weight d* + d~, and by Claim 4.2.1.2, g > P04 = d" 4+ d~. On the other hand, suppose
S does not contain 1. Then it contains 6. If S also contains 5, then S contains the interval
2, 6], which is shift-equivalent to [0,4]. If S contains neither 1 nor 5, then it contains exactly
the set {0,2,3,4,6} and possibly vertices to the right and/or left of this set, so by Claim
4.2.1.2, Bs > Pro2,346). One can easily check that in this case, Sro2346 = d* +d~.

We have calculated k¢ without even showing that either [0,4] or {0,2,3,4,6} is strongly
connected, but in fact they both are. Consider the path 0 -3 =1 — 4 — 2 — 0 in [0, 4]
and the path 0 -3 —-6 —4 — 2 — 01in {0,2,3,4,6}. Thus, even when ko = d" +d ", a
minimizing set S for S5 need not be an interval (although a large enough interval will always
be a minimizing set).

Example B.04. L=1, R>2 agy=0a; >0, ; =0fori=2,...,R— 1.

In this case, we show that kg = 2ag + a1 + a_q; thus if R > 2, then ko < d* +d~. Let
S be a strongly connected set with left endpoint 0. Since 0 must be reachable from another
point in S, we have 1 € S. Now by Claim 4.2.1.2, this implies 83 > f{01} = 2ap + a1 +a_;.
The set {0, 1} is strongly connected, and hence kg = B{o1} = 20g + a1 + .

This example lets us show that kg and x; are independent in the sense that no information

about either may be inferred from the other.
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Proposition B.0.2. The ordered pair (kg, k1) may take on any value in the first quadrant

of R?.

Proof. Let a,b > 0. We will show that L, R, and the «; may be chosen such that ky = a and
ko =0. Let L =1, and let R > 2 be large enough that § > %. Then let oy = a1 =

)

IS
=/

.

ap = %, and all other a; = 0. Then k; = —a_; + a1 + Rag = b, and by Example B.0.

Y

[

Ko = Q.

Example B.0.5. L=R=2,a_1,a1 >0, ap = 0.

There are two possibilities. Let S be a strongly connected set with leftmost point 0. If
1 € S, then by Claim 4.2.1.2, Bs > fS01; = d +d~. On the other hand, if 1 ¢ S, then
2 € S, and by Claim 4.2.1.2, 85 > 02y = a—9 + 2a_1 + 201 + a. Since both {0,1} and
{0, 2} are strongly connected, ko may be either d* +d~ or a_s + 2a_1 + 21 + vz, depending

on whether a_; + a1 or a_y + o is smaller. That is,

Ko = min(2a_9 + a1 + o + ag, a9 + 201 + 201 + o)
=a 9+a_+a;+ay+min(a_g + ag,a_s+ az)

= min(ﬁ{0,1}7 5{0,2})-

Example B.0.6. L =6, R=3, a3 >0, ; =0 for i = —5,..., 1.

If S is a finite, strongly connected set with 0 the leftmost vertex, then 6 € S, since 0 must
be reachable from the right. We consider possible sets SN0, 6]. There are 32 subsets of [0, 6]
that contain 0 and 6; however, S must contain either 2 or 3, since there must be edges from
0 to other sets in .S and nothing to the left of 0 is allowed. Similarly, if S contains 1, then
it must contain either 3 or 4, and if S contains 2, then it must contain either 4 or 5. This
eliminates 12 of the 32 possibilities, leaving 20 possibilities for S N [0, 6]. Of these, we first
consider two candidates, {0,3,6} and {0,2,4,6}. Both of these are strongly connected, and
80 B0,3,6) = 20_+3az+az and By 24,6 = 3a_s+az+4as both provide upper bounds for .
Depending on the values of the «;, either can be lower than the other. The set {0,2,3,4,6}
is also strongly connected, but has B0 2346 = 4a_g + 202 + 3. Thus, if ap > ag, then

Bro2a6r < Bro2346), and if an < as, then Bros6) < Bro2346)- One can simply check that
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other 17 of the possible sets D = SN [0,6] either have 8p > (1036 for all possible values
of the oy, Bp > Bio24,6) for all possible values of the a;, or Bp > Bo2,346) for all possible

values of the a;. By Claim 4.2.1.2, this implies that s > min(B0,3,6}, 510,2,4,61). Therefore,

Ko = min(2a_g + 3an + as, 3a_g + ag + 4ag)

= min(Byo,3,6}, 50,2,4,6})-

In all five of the above examples, there is always a set S minimizing Sg that represents a
single, simple loop. The exit time from .S is the first time the walk stops repeating this loop.
Thus, if kK9 < 1, then there is a single loop that the walk is expected to repeat infinitely
many times before deviating from it.

In the nearest-neighbor case, treated in Example B.0.1, Ky < 1 means the walk is expected
to repeat the loop 0 — 1 — 0 infinitely many times before ever taking a different step (and,
likewise, the walk is expected to repeat the loop 0 — —1 — 0 infinitely many times before
ever stepping to 1). This does not mean the only finite traps are sets of the form {z,x + 1}.
For example, it is also the case that (5 < 1, so that the walk is expected to spend an
infinite amount of time in [0, 5] before leaving it, regardless of the precise path (and even if
transition probabilities at sites 1,2,3, and 4 are conditioned to be moderate). But there are
no finite traps “worse” (in the sense of finite moments of quenched expected exit time) than
the set {0, 1}.

In fact, for nearest-neighbor RWDE on Z¢, pairs of adjacent vertices are always the worst
finite traps, and if ko < 1, then the walk is expected to bounce back and forth between 0
and one other vertex infinitely many times before doing anything else [15].

Our other examples so far match this trend in a sense; although the worst traps are not
necessarily pairs of vertices, the worst traps are loops, and ko < 1 means there is a loop that

the walk is expected to iterate infinitely many times before doing anything else.
e In Example B.0.2, one such loop is 0 — 0.
e In Example B.0.3, one such loopis0 -3 —>6 —+4— 2 — 0.
e In Example B.0.4, one such loop is 0 — 1 — 0.
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+ In Example B.0.5, one such loop is 0 — 1 — 0 (if o1y < 1) or 0 — 2 — 0 (if
Broay < 1).

+ In Example B.0.6, one such loop is 0 = 3 — 6 — 0 (if Srp36y <1) or0 -2 =4 =6
(if Bro2.4.6y < 1).

Our next example shows that unlike in the nearest-neighbor case on Z?, there are pa-
rameters where the strongest finite traps never represent just one loop. In particular, one
can find cases where kg < 1, so there are finite traps in which the walk is expected to be
stuck for an infinite amount of time, but there is no single loop that the walk is expected to

iterate infinitely many times before deviating from it.
Example B.0.7. L=R=2,a_1=ay=0, a; > 0.

A finite, strongly connected set with 0 as its leftmost point will necessarily contain 2, since
0 must be reachable from the right. Thus, by claim 4.2.1.2, for any finite, strongly connected
S, Bs > min(Bo1,2y, fro2y)- Now {0,2} and {0,1,2} are already strongly connected, so
ko = min(So.1,2y, B1o,23)- The minimum may be achieved on either set, depending on the .
We now examine a case where ko < 1, but there are no loops that the walk is expected

to iterate infinitely many times before doing anything else. Suppose a_s = as = 3, and

1
9
1 17

ap = 3. Then Bo2 = %1 > 1, and Byo1,2y = % < 1. Thus, kg = 5, and a walk started

from 0 is expected to spend an infinite amount of time in {0, 1,2} before exiting. However,
because (o2 = % > 1, the expected exit time from {0,2} is finite, so the walk is not
expected to iterate the loop 0 — 2 — 0 infinitely many times before deviating from it.
Moreover, the walk is not expected to iterate the loop 0 — 1 — 2 — 0 infinitely many
times before deviating it, but to see this, we must use the original formulation of Tournier’s
lemma from [29]. The formulation there is in terms of sets of edges rather than vertices. The
edges that are not in the loop 0 — 1 — 2 but have tails in the vertex set touched by this
loop have weights that add up to % > 1. Hence [29, Theorem 1] implies that the expected
time to deviate from this set of edges (and thus from the loop 0 — 1 — 2 — 0) is finite.

Nevertheless, the weight exiting {0, 1,2} is &£ < %

s < 3, so the walk is expected to stick to the

vertex set {0,1,2}, and thus to the pair of loops 0 —+ 2 — 0 and 0 — 1 — 2 — 0, for an

infinite amount of time before doing anything else. See Figure B.1.
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Figure B.1. The top shows the weights exiting the loop 0 — 2 — 0. The
middle shows the weights exiting the loop 0 — 1 — 2 — 0. The bottom shows
the weights exiting the union of these two loops, or the set {0, 1,2}.
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Note that in this example, 8012y < Bfo,2y- This shows that in Claim 4.2.1.2, the as-
sumption that z is to the right or left of x is really needed.

Our next example presents a similar phenomenon: the walk is not expected to get stuck
in any one loop for an infinite amount of time, but the walk is expected to spend an infinite
amount of time in a set of vertices. In the previous example, the vertex set S minimizing
Bs can have all of its vertices hit by one loop, the loop 0 — 1 — 2 — 0, but this loop alone
does not have a trapping effect as strong as the whole set S. In the next example, there is no
single loop that can hit all the vertices in the minimizing S, so our formulation of Tournier’s
lemma in terms of vertices only is enough to see that there is no single loop the walk is
expected to traverse infinitely many times before straying from it. The next example also
presents a calculation of kg for a situation where it is less straightforward than the others

we’ve examined.

Example B.0.8. L =16, R =5, a_14, aa, a5 > 0, all other a; = 0.
In this case, there are four possible values for xg, three of which can be attained by sets of
vertices representing single loops, but one of which cannot. We will show that kg is attained

by one of the following four sets:

e 51 =4{0,2,4,6,8,10,12,14,16}. This set represents a loop that steps up by 2s from 0
to 16 and then jumps back to 0. Bg, = 8a_16 + a2 + 9.

« Sy = {0,5,10,15,16,20,25,30,32}. The set Sy represents a loop that steps up by
5s from 0 to 30, then steps to 32 and jumps back to 16 and then to 0. This is one
of 28 loops that all step up by 5 six times, up by 2 once, and down by 16 twice,
having vertex set S with leftmost point 0. All such loops have the same associated

Bs = 552 = Ta_16 + 8ag + 3ars.

e S3=140,5,10,12,14,16}. The set S3 represents a loop that steps up by 5s from 0 to
10, then by 2s from 0 to 16, then jumps back to 0. This is one of 10 loops that all have
vertex set S C [0, 16], all of which have s = s, = ba_16 + 3z + 4as.

e« 5,=14{0,2,4,5,6,7,8,9,10,11,12,14,16}. This set does not represent one single loop;

in fact, it represents all 10 loops that stay within [0, 16]. s, = 12a_16 + 2a + bSas.
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One can check that any of f8g,, 8s,, Bs,, and Bg, can be the smallest, depending on the «;.
We will show

Ko = min(ﬁsla /85'27 ﬂS:s? BSAL)‘

To confirm that these are the possible values for kg, let S be a finite, strongly connected
set with leftmost point 0, and we will show that g is at least as large as one of these values.
First, we note

Bs = T_160_16 + Taaa + T5Qis,

where z; = x;(S) ;= #{2 € S:z+1 ¢ S} > 1. Since 0 must be reachable in one step from

a vertex to its right, 16 € S.
Claim B.0.8.1. T_16 > D.

S must contain 0 and 16, so there must be a path o from 0 to [16,00) that does not
leave S. Since the only step to the left is down 16, all steps in this path must be to the right
(and must therefore be of length 2 or 5). If this path includes two or more steps of length
2, then S N[0, 15] must have at least 5 elements. But for each z € SN [0,15], z — 16 ¢ S,
so each element of S N[0, 15] contributes 1 to x_15. Hence x_16 > 5. On the other hand, if
the path ¢ includes no steps or one step of length 2, then the path ¢ includes four vertices
in S N[0, 15], does not include 1 or 4, and lands on either 17 or 20. Since 1 and 4 are not in
o, either 17 or 20 contributes 1 to xz_14, in which case we then have x_15 > 5, or else 1 or
4 is in S, in addition to the four vertices from o that are in [0, 15], so that |\S N[0, 15]| > 5,

and so x_15 > 5. This proves our claim.
Claim B.0.8.2. If 25 =1, then x_1 > 8 and x5 > 9.

To see this, note that if x5 = 1, then S includes only even vertices; otherwise, the
rightmost odd vertex and the rightmost even vertex would each contribute 1 to s, giving
To > 2. Moreover, since S contains 0 and 16, it must contain every even vertex between, in
order to prevent any vertex other than the rightmost from contributing to xs. The 8 even
vertices z = 0 through z = 14 each have z — 16 ¢ S, so x_15 > 8, and the 9 even vertices

z = 0 through z = 16 each have z+5 ¢ S, so x5 > 9.
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Claim B.0.8.3. z5 > 3.

To see this, note that the rightmost vertex from each equivalence class (mod 5) will
contribute 1 to z5. We already have 0,16 € S, so the equivalence classes 0 and 1 are
represented. But the equivalence class 1 is only reachable from equivalence class 2 (via a
downward step of length 16) and from equivalence class 4 (via an upward step of length 2).
Hence S must contain an element from one of the equivalence classes 2 or 4 (mod 5), and

therefore at least three equivalence classes are represented, so x5 > 3.
Claim B.0.8.4. If x5 = 3, then x_14 > 7, and x5 > 8.

We first note that since each equivalence class contributes only 1 to x5, all elements in
each equivalence class must form an unbroken arithmetic progression from the lowest to the
highest. That is, letting 21 and 28"*****" be, respectively, the least and greatest z such that
z =1 (mod 5) and z € S, we have {zleat, pleast | 5 Jleast 4 70 gt - G We now
examine two separate cases.

Case 1: S contains elements from equivalence classes 0,1, and 2 (mod 5).

Since S contains no elements from equivalence class 4, equivalence z\°*' can only be
reached from equivalence class 2, which occurs via a leftward step of length 16. Thus 2}t +
16 € S. On the other hand, since .S contains no elements from equivalence class 3, equivalence
class 2 can only be reached from equivalence class 0, via a rightward step of length 2. Thus

st 9 e g,

Therefore, the path

0510 — (25" —2) = 202 5 oo (21 1 16) = 21 ... 516 =0
is in .S. All steps marked out by ellipses are upward steps of length 5. It follows that this is
a path of length 9, since any other number of steps would result in ending at a point other
than 0.

All the vertices in equivalence class 0 contribute 1 to z_i¢, since stepping down by 16
would reach a vertex in equivalence class 4, which cannot be in S. Vertices from the path

that are in equivalence class 2, other than 21t + 16, are less than 2}°**+ 16, and so stepping
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down by 16 reaches a vertex that is in equivalence class 1 but not in .S. And all vertices from
the path that are in equivalence class 1, other than 16, are less than 16, so stepping down
by 16 reaches a vertex not in .S. Thus all but two of the vertices from the path shown will
contribute 1 to x_14, and therefore x_1 > 7.

Now all the vertices in equivalence classes 1 or 2 contribute 1 to xo, since stepping to the
right by 2 reaches a vertex in equivalence class 3 or 4. And vertices in equivalence class 0
that are less than 25 — 2 also contribute to s, since stepping to the right by 2 reaches a
vertex in equivalence class 2 but less than 222!, Thus, all but one of the vertices shown in
this path contribute to x4, so x5 > 8.

Case 2: S contains elements from equivalence classes 0,1, and 4 (mod 5).

By a similar argument to that given in Case 1, the path
0—=5—=10— - — (2" +16) — 20 — o 5 (Zleast —2) 20t ... 516 =0

is in S. All steps marked out by ellipses are upward steps of length 5. It follows that this is
a path of length 9, since any other number of steps would result in ending at a point other
than 0. Now, for z = 0,5,10, 2" + 11, we have z — 16 = 4 (mod 5), but z — 16 < 2t
so 2 — 16 ¢ S and 2z contributes 1 to x_15. Moreover, 2" and every subsequent vertex
are all less than 16 (except, of course, for 16 itself), so they all contribute 1 to z_35. Thus,
T_16 > 1.

Moreover, all vertices in equivalence class 0 or 1 contribute 1 to x5, since S has no vertices
in equivalence class 2 or 4. And all but one of the vertices z in equivalence class 4 are strictly

less than 2}°*' — 2 so that 2+ 2 ¢ S. Hence all but one of the vertices in the loop contribute

to x5, SO x5 > 8.
Claim B.0.8.5. If x5 = 2, then x5 > 5.

If x9 = 2, then S contains even and odd elements (because the only even upward jumps
are of length 2, a strongly connected S with only even elements would have zo = 1). It
therefore must contain every even number, from its least even number to its greatest even

number. In particular, it must contain S; = [0, 16]. This is enough to include at least one
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representative from every equivalence class (mod 5). The greatest element of S in each of

these equivalence classes contributes 1 to x5, so x5 > 5.
Claim B.0.8.6. If To — 2, then Ts + T_16 > 17 and T_16 > 9.

We have already established that if xo = 2, then S contains S; = [0,16] and at least
one odd number. Now S} has z_15 = 8 and x5 = 9. The odd number will also contribute
1 to x_1¢, giving the bound z_14 > 9. The set S; includes 8, which is in equivalence class
3 (mod 5), and two elements of each of the equivalence classes 0,1,2, and 4. Each of the
equivalence classes must contribute at least 1 to x5, and for any of the classes 0,1,2, or
4 to avoid contributing 2, the odd number in between the two even numbers from that
equivalence class must be contained in S. This saves 1 from x5 but adds 1 to x_y¢, thus

keeping Ts+ T _16 = 17.

Claim B.0.8.7. 63 Z min(@sp /8527/8537/854)'

We know g must have x5 > 3 by Claim B.0.8.3. By Claim B.0.8.4, if x5 = 3, then g >
Ta_16 + 8as + 3as = Bg,. Now suppose x5 > 4. If 29 = 1, then B > 8a_16 + a2 + 9a5 = S,
by Claim B.0.8.2. Now consider the case x5 = 2. Then x5 + x_14 > 17 by Claim B.0.8.6. If
a5 > a_16, then since x; > 5 by Claim B.0.8.5, we have 8¢ > 12a_15 + 200 + S5 = fg,.
On the other hand, if a_14 > a5, then by Claim B.0.8.6, S5 > 9a_i5 + 29 + 8as >
8a_16 + s + 9a5 = Bs,. Now, if x5 > 3, then by the assumption that x5 > 4 and by Claim

B.0.8.1, we have s > 5a_16 + 3ay + 4as = Bs,. This proves our final claim.

1 15
677 677

1200_16 + 2a9 + Bay = 1, achieved on the set Sy = {0,2,4,5,6,7,8,9,10,11,12,14,16}, and

Now suppose the weights are a_14 = g = and a5 = %. We can check that kg =
that this is strictly less than g, , fs,, and Bs,. By the proof of Claim B.0.8.6, any set S with
x_16 = 12,29 = 2, x5 = 5 must contain a translation of {0,2,4,5,6,7,8,9,10,11,12,14,16},
and a so there is no possibility that a set .S which we did not consider, and which represents
a single loop, also achieves s = 1. This means that the walk is expected to spend an
infinite amount of time in the set {0,2,4,5,6,7,8,9,10,11, 12,14, 16} before ever leaving it,
but there is no single loop that the walk is expected to take infinitely many times before

deviating from it.
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C. NOTATION

Here we collect notation that is used throughout the paper as a convenient reference.

General

N=1{1,2,3,...}. Ng={0,1,2,..}. R2°={z e R: 2 > 0}. R ={z € R: 2 > 0}.

RWRE stands for random walk(s) in random environment(s). RWDE stands for ran-

dom walk(s) in Dirichlet environment(s).

An environment w on a countable vertex set V', the set {2y of environments on V', and

the measurable space (Qy, Fy), are defined in Section 1.3.

w® = (w(x,x + y))yeza is the environment w viewed at site  only. For a set S C Z¢,

w? = (W) zes-

An w with a subscript (e.g., wy) or w' is usually used to denote a specific environment
when comparing multiple environments, and should not be confused with an w with a

superscript.

Conditions (C1), (C2), and (C3) are defined in Section 1.3. They say the environments
are i.i.d., almost surely irreducible, and almost surely have bounded jumps. Condition
(C4) is defined in Section 2.3.1 for environments on Z. It says the walk is almost surely

transient to the right.

A walk on the vertex set Z? is a function from the set Ny of non-negative integers to

the set Z?, denoted X = (X,,)2, € (Z%)No.

v = lim, % is the P° almost-sure limiting velocity that necessarily exists for all

RWRE studied in this thesis.

A walk is transient to the right if lim,_,., X,, = oo, almost surely under the annealed

measure.

A walk is ballistic if v > 0.
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Ay = {(zi)ier : Xjer i = 1} is the simplex of a finite set I.
67 is the left shift operator on environments w, defined by 6*w(a,b) = w(x + a,z + b).

We use interval notation to denote sets of consecutive integers in the state space Z,
rather than subsets of R. For example, [1,00) denotes the set of integers to the right
of 0. However, we make one exception, using [0, 1] to denote the set of all real numbers

from 0 to 1.
S4-1 is the unit sphere in RY.
S-1 is the set of £ € S?~! that have all rational slopes.

The annealed probability of v for a path v = (xg,x1,...,2,), is P*(Xy = 29, X; =

1y, Xp = Ty).

A possible path is a path that has positive annealed probability.

Graphs

A weighted directed graph H = (V, E, W) is a vertex set V with an edge set £ C V' xV,

and a weight function w : £ — R>?,

If e = (x,y) € E, we say that e is an edge from = to y, and we say the head of e is

€ =y and the tailof e is e = x.

DERRW stands for directed edge reinforced random walk. For its definition and con-
nection to RWDE;, see page 18.

For a vertex x € V, the divergence of x in H is div(z) = Yo, w(e) — X, w(e). If

the divergence is zero for all x, we say the graph H has zero divergence.

A set S C V is strongly connected if for all xz,y € S, there is a path from x to y in H

using only vertices in S.

For a set S C V, fg is the sum of the weights of all edges exiting S. See (1.5).
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N C Z%is a set of allowed jumps. It obeys the condition that >-°° (M U{0}) = Z% to

ensure that the irreducibility condition (C2) is met.

G is our “main graph.” It has vertex set Z9, edge set {(z,y) € Z¢ x Z* : y — x € N},

and weight function (x,y) — oy_.

G is defined when d = 1. Tt is the finite graph with vertices [0, M] that looks like G
in the middle but is modified to have zero divergence at the endpoints. It is defined in
the proof of the transient, one-dimensional case of Theorem 2.2.1. It can be used to

prove Lemma 4.2.3.

G, is defined when d = 1. It is the half-infinite graph with vertex set [0, 00). It looks
like G except near 0, where it looks like Gy;. It can be thought of as a limit of Gy, as
M — oo. It is defined at the beginning of Section 4.2.2. Its crucial property is given
by Lemma 4.2.3, which is used in the proofs of Proposition 4.2.4, Proposition 4.2.5,
and Theorem 2.3.5.

Parameters

L and R are positive integers. The parameter L represents the maximum length of a
jump to the left that has positive probability, and R represents the maximum length
of a jump to the right.

(), are Dirichlet parameters for random transition probability vectors. It is as-

sumed that a_; and ap are positive.

dt =38 ia;, and d= = iy
R _ —1
=" a,and ¢” =3 a.

Ko = inf{fs : S C Z finite, strongly connected} is the minimum weight exiting a finite,

strongly connected subset of G.
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e my is an integer large enough that every interval of length my is strongly connected in

g, and also large enough that my > max(L, R).

Probability measures

For a given environment w on a vertex set V and a site x € V, P? is the quenched
probability measure on the set VN0 where PY(Xo =z) =1, and fory € V, P*(X,,11 =
y|XO> s aXn) = W(me)'

P is a general probability measure on Q.

For z € V, P* = P x P® is the measure on € x VY generated by P*(A x B) =
[4 P*(B)P(dw). We abuse notation by also using P* to refer to the marginal measure

P*(Qy x +) on VMo which we call the annealed measure.

For a given weighted directed graph H = (V, E,W), Py is the Dirichlet law on en-
vironments corresponding to H; that is, the measure on €2, under which transition
probabilities at the various vertices z € V are independent, and for each vertex
r €V, (w(x,€))ey is distributed according to a Dirichlet distribution with param-
eters (w(e))e=s. (Or, if V' C Z, we let Py be any measure on {2z whose marginals on

Qy are as described.)

o Fg is the main measure on €1z that we study in this paper. That is, Fg is the Dirichlet
measure on environments corresponding to G, so that for each x, the transition proba-

bility vector (w(z,y))yen is distributed as a Dirichlet random vector with parameters

(ay)yEN'

Functions of a walk
For all of the functions below, we often suppress the argument of the function as is
traditional with random variables. Sometimes, however, we leave the argument in when it

is necessary for clarity.

o T,(X)=inf{n >0:X, =z} is the first time the walk (X) hits . We often suppress
the X.
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T,(X) = inf{n > 0 : X,, = 2} is the first nonzero time X hits z.
N, (X) = #{n € Ny : X,, = 2} is the total amount of time X spends at x.
For a subset S C Z, Ts(X) = mingcgs 7(X), and Ng(X) = > cg No(X).

N¥(X) = #{0 < n < Tse : X,, = x} is the amount of time X spends at z before

leaving the subset S.

N, ,(X) = #{n >0: X, =x,sup{k <n:Xg=y}>sup{k <n:X;= x}} is the
number of times the walk hits x after more recently having hit y, or the number of

“trips from y to x.”

N, ,(X) = #{n eNg: X, <z,sup{j <n:X; >y} >sup{j<n:X; < x}} is the

number of trips leftward across [z, y]. It is defined when d = 1.

For any stopping time defined as an the first n > 0 such that satisfying a certain condi-
tion, we use the same notation but with a tilde (~) over it to denote the corresponding

positive stopping time: that is, the first n > 0 satisfying the same condition.

Cascade and bi-infinite walk

Here, assume d = 1.

A cascade is a set of finite (continuous-time) walks, one started at each point in Z.

The walk starting at each point terminates when it reaches or passes the next multiple

of R.

X = (X2)>2, is the infinite walk obtained by concatenating the finite walk starting
at a with the walk starting at the point where it terminates, the walk started at the

point where that one terminates, and so on.

ol

= (X ,)nez is the bi-infinite walk obtained by this process.

=

s> Nz, and so on are defined analogously to N, T, N, ,, and so on, but with

o T
n > 0 replaced with n € Z.
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For a given environment w, P, is the measure on the space of discrete-time cascades

induced by w, where the law of each X* under P, is the law of X under P%.

P = P x P, is the annealed measure on the space of environments and cascades.

Accelerated walks

A continuous-time walk on Z? is a function from the set RZ? of non-negative reals to

7%, denoted X = (X})¢>o.

A discrete-time walk may be thought of as a continuous-time walk where the position

changes at integer times.

A Bouchet acceleration function on Z¢, defined on page 41, is a measurable function
A from the space Qzq of environments on Z? to the space of distributions of positive

—M,M

random variables, where A(w) only depends on w! I for some positive integer M.

F7 4 is the law of a continuous-time Markov chain started at x. Whenever the process
hits a point a € Z, it remains there for an amount of time distributed according to
A(0°w) and independent of all other information about the history of the process before

jumping to a point chosen according to w.

P% or PG 4 is the corresponding annealed law.
v(A) = lim, % is the IP’& almost-sure limiting velocity that necessarily exists for

all directionally transient RWRE on Z.

A measure P on ;4 has essential slowing if, for any Bouchet acceleration function A,

it is the case that v(A) = 0.
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